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PEEFACE. 

TN  writing  this  tract,  the  chief  difficulty  has  been  to  compress  the 
material  so  as  not  to  entirely  outrun  the  prescribed  limits  of  space. 

The  theory  is  developed  in  an  order  which  may  seem  unusual  to 
readers  already  acquainted  with  other  methods  of  treatment ;  but  my 
object  has  been  to  obtain  a  fairly  complete  account  in  the  minimum 
of  space.  If  the  methods  of  Weierstrass  or  Darboux  had  been  adopted, 
a  long  and  rather  tedious  discussion  would  have  been  needed  for 
certain  determinantal  theorems  (Arts.  24,  25),  before  the  real  problem 
of  reduction  could  have  been  attacked.  Further,  the  singular  case 
would  then  have  required  an  entirely  separate  discussion,  of  which  the 
only  satisfactory  account1  is  both  involved  and  laborious. 

Both  of  these  objections  are  avoided  by  the  method  used  here, 
which  is  due  in  substance  to  Kronecker.  And,  in  addition,  the 
method  lends  itself  to  geometrical  explanations  (see  Arts.  1,  13,  17 
and  Appendix)  and  is  well  adapted  for  the  actual  reduction  of 
numerical  examples,  when  once  the  roots  of  the  fundamental  deter- 
minant are  known  (see  Arts.  2,  16,  19,  22).  I  hope  that  a  frequent 
appeal  to  geometry  may  serve  to  make  the  algebra  more  easily 
understood. 

The  omission  of  any  account  of  Weierstrass's  and  Darboux's 
methods  would  be  a  serious  blot,  if  the  tract  were  intended  to  be 

1  This  is  Kronecker's  discussion  in  the  third  paper  quoted  in  Art.  38  :  the 
account  in  Muth's  Elementartheiler  (pp.  93 — 117)  is  shorter,  because  restricted  to 
bilinear  forms.  But  the  extension  to  quadratic  forms  then  depends  on  a  theorem 
due  to  Frobenius  (Muth,  pp.  127,  128) ;  and  an  explanation  of  this  theorem  would 
have  required  an  addition  of  some  20  pages  more. 
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exhaustive  rather  than  suggestive ;  in  particular  Darboux's  treatment 
of  the  case  of  unequal  roots1  must  always  be  regarded  as  a  model 
of  algebraical  elegance.  But  accounts  of  these  methods  are  already 
available  to  a  certain  extent  (for  references,  see  Art.  38);  and 
consequently  an  exposition  is  less  necessary  here. 

I  have  devoted  Chapter  V  to  an  exhibition  of  some  applications  of 
the  theory  ;  these  may  serve  to  convince  the  reader  of  its  utility  ;  and 
a  glance  at  the  table  given  in  Art.  23  will  Bhew  that  families  containing 
more  than  four  variables  could  not  be  exhaustively  classified  without 
the  aid  of  invariant- factors.  Indeed,  even  the  case  of  four  variables 
was  not  fully  worked  out  (in  spite  of  the  assistance  derived  from  space- 
intuition)  until  Sylvester  took  the  first  step  in  the  general  theory  by- 
classifying  the  contacts  of  uuadric  surfaces  (see  Arts.  11,  18). 

In  conclusion,  my  best  thanks  are  due  to  the  editors  for  giving  me 
the  opportunity  of  writing  this  tract ;  and  to  Mr  Leathern  in  particular 
for  reading  the  manuscript  and  proofs.  His  care  has  enabled  me  to 
detect  and  remove  many  difficulties  and  ambiguities ;  but  it  is  only 
too  likely  that  others  remain  to  be  found  after  publication.  The 
addition  of  the  Appendix  is  due  to  Mr  Leathem's  suggestion. 

The  printing  of  the  University  Press  stands  in  no  need  of  praise 
from  me;  but  I  must  thank  the  officials  for  their  excellent  repro- 
ductions of  my  drawings,  and  for  their  careful  superintendence  of 
the  press- work  in  general. 

T.  J.  FA.  Bromwich. 

Quito's  Coli  i 
Galwav, 

May,  1906. 


1  For  English  readers,  this  discussion  is  accessible  in  Burnside  and  Panton's 
Theory  of  Equations,  Art.  210,  Ex.  17,  and  Scott's  Theory  of  Determinants, 
Chap,  xi,  §  10. 
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CHAPTER   I. 

INTRODUCTORY. 

1.  It  is  well  known  that  two  quadratic  expressions  in  a  variable  xy 
can  usually  be  expressed  as  the  sum  or  difference  of  multiples  of  the 
same  two  squares  ;  that  is,  numbers  pf  q,  r,  s,  a,  (3  can  generally 
be  found*  to  satisfy  the  identities 

S=ax2  +  2bx  +  c=p(x  —  *f  +  q(x  —  fif 


S'  =  ax2  +  2b'x  +  c'  =  r(x-ay  +  s(x-(3)2[ 

when  a,  b,  c,  a,  b\  c'  are  given. 

Suppose  for  the  moment  that  the  coefficients  of  S,  S'  are  all  real, 
and  let  us  represent  the  values  of  x  geometrically  by  distances  measured 
from  a  fixed  origin  on  a  fixed  straight  line.  Then  the  pairs  of  points 
given  by  A#  — #'  =  0,  form  an  involution  on  the  line;  and  the  two 
points  a,  (3  are  the  double  points  (or  foci)  of  the  involution.  And  our 
statement  simply  amounts  to  saying  that  the  involution  determined  by 
the  two  pairs  of  points  S=  0,  S'  =  0  has  usually  a  pair  of  double  points. 

It  is  a  familiar  fact  that  the  involution  determined  by  two  given 
pairs  of  real  distinct  points  on  a  straight  line  belongs  to  one  of  two 
classes ;  the  elliptic  (when  the  two  segments  on  the  line  overlap)  and 
the  hyperbolic  (when  the  two  segments  do  not  overlap).  In  the  former 
case,  the  double  points  are  imaginary;  in  the  latter,  they  are  realf. 

The  case  when  a  point  belonging  to  one  pair  coincides  with  a  point 
belonging  to  the  other  pair  may  be  called  parabolic  :  this  case  is  not  of 
special  interest  from  the  geometrical  point  of  view,  since  the  involution 
is  degenerate  and  the  two  double  points  are  coincident.     However,  it 

*  For  an  example  of  the  work  in  an  actual  case,  see  Art.  2. 

t  An  algebraic  investigation  will  be  found  in  Chrystal's  Algebra,  vol.  i,  pp.  464 — 6. 
It  should  be  noticed  incidentally  that  if  either  pair  of  given  points  is  imaginary, 
the  double  points  will  be  real  (compare  Ex.  3,  Art.  3), 
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exhibits  some  features  of  interest  on  the  algebraic  side  and  we  shall 
now  proceed  to  illustrate  the  parabolic  and  hyperbolic  cases  by 
numerical  examples. 

2.  Consider  first  the  determination  of  the  double  points  for  the 
two  quadratics 

^=3^-34r  +  91,         £'  =  5^-42.2 +93. 

For  this  purpose,  find  X  so  as  to  make  X8—8'  a  square*  as  regards 
x ;  the  equation  giving  X  is 

(3X-5)(91X-93)-(17X-21)2  =  0, 

or  -4(4X2  +  5X-6)  =  0. 

Thus  X  is  either  f  or  -2 ;  and  on  inserting  these  values  we  find 

-3#+4£'=ll(>-3)2,     28  +  S'  =  ll(x-5)39 

so  that  8  =  -  (x  -  3)2  +  4  (x  -  5)a, 

S'  =  2(>-3)2  +  3(>-5)2. 

Hence  the  double  points  are  given  by  x  =  3,  x  =  5,  and  the  involution 
is  hyperbolic. 

The  foregoing  method  is  on  the  whole  the  simplest  in  any  specific 
case  j  and  it  serves  as  a  convenient  introduction  to  the  methods  to 
be  used  in  the  sequel. 

We  consider  next  a  parabolic  case  in  which  the  double  points 
coincide ;  namely 

8  =  Sx2  -  34#  +  91,       #'  =  5X2  -  ±2x  +  49. 

Then  XJS—8'  is  a  square  if 

(3\-5)(91\-49)-(m-21)2  =  0, 

or  if  -4(4\2-28\  +  49)  =  0. 

Hence  X  =  |,  which  gives 

78-28'=  11  (x  -7)2, 

and  there  is  no  other  value  of  X,  which  makes  \S—S'  a  squan  a$ 
de  x. 
It  is  therefore  impossible  to  apply  the  same  method  as  in  the  last 
case ;  but  it  does  not  follow  immediately  that  8  and  8'  cannot  be 
reduced  to  the  type  (1)  of  Art.  1.  As  a  matter  of  fact,  such  a 
reduction  is  not  possible,  for  we  find  that 

8=  (ay-  7)  (Sx-  13),     8'  =  {x-l)  (5^-7), 
•  In  the  notation  of  the  last  article,  X  will  be  either  r/p  or  s/q. 


1-3]  TWO   QUADRATICS  3 

so  that  S  and  S'  have  a  common  factor,  as  might  have  been  expected 
from  the  geometrical  interpretation.     But,  if  the  two  expressions 

p  (x  -  a)2  +  q  (x  -  pf,        r(x-a)2  +  s(x-  /6)2 

have  a  common  factor,  either  q  and  s  must  both  be  zero,  or  else 

■J(pl9)  =  ±J(rls); 

and,  whichever  alternative  is  adopted,  we  find 

2?s  -qr  =  Q, 

so  that  the  one  expression  is  simply  a  numerical  multiple  of  the  other. 
Consequently  the  two  expressions 

S  =  (a?  -7)  (3a?  -  13),       &  =  (x  -  7)  (5x  -  7) 

are  not  reducible  to  the  type  (1)  of  Art.  1  ;  for  they  have  a  common 
factor,  and  yet  S'  is  not  a  numerical  multiple  of  S. 

3.  From  the  two  examples  worked  out  in  the  last  article  it  is  clear 
that  when  S,  S'  are  given  three  possible  cases  may  occur  : — 

(i)  If  |A#-iSi'|  has  two  unequal  factors,  the  reduction  of  S,  S' 
can  then  be  carried  out  by  the  method  given  at  the 
beginning  of  Art.  2. 

(ii)     If  |A£— #'|  has  a  squared  factor  (A.-&)2,  but  (k-k)  does 

not  divide  all  the  expressions  (ak  -  a'),  (bk  -  b'),  (ck  -  c), 

then  S,  S'  have  a  common  factor, 
(iii)     If  |  kS  -  8'  |  has  a  squared  factor  (k  -  A?)2,  but  k  —  k  is  a 

factor  of  all  the  expressions  (ak-a),  (bk  —  b'),  (ck-c), 

then  S'  =  kS  identically. 

Here  |  \S-S'  |  denotes  the  determinant 
ak  -  a,  bk  —  b' 
bk  —  b',     ck  —  c 

which,  when  equated  to  zero,  expresses  the  condition  that  kS—S'  may 
be  a  square  as  regards  x. 

Of  these  statements,  those  in  (i)  and  (iii)  are  obvious  without 
further  proof;  but  the  statement  in  (ii)  requires  investigation.  Under 
the  given  circumstances  we  may  write 

kS  -  S'  =  axx2  +  2bxx  +  cl5 

where  a1c1  —  b*  =  Q  and  not  all  of  aly  bu  cx  can  be  zero.     Then  if 
k  —  k  =  n,  we  have 

kS-S'  =  (ap  +  a1)x2  +  2  (6/x.  +  bi)  x  +  (cfi  +  Ci), 

1—2 
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bo  that  |  XB-S'  |  =  (aft  +  ax)  (c/i  +  (h)  -  (V  +  M2 

=  (ac  -  b2)  ft*  +  (ad  -  2bbx  +  axc)  [*.. 
But  this  determinant  is  divisible  by  /r,  and  therefore 
ac1-2bbl  +  a1c  =  0. 

If  a,  *  0,  we  can  write  k8-8'  =  ax  {x  -  a)2,  so  that  bx  =  -  atay  ^  =  a^2 ; 
and  then  the  last  condition  gives 

«a2  +  2/;a  +  c  =  0. 

Thus*  («  -  a)  is  a  factor  of  /§>,  and  therefore  also  of  S'. 

On  the  other  hand,  if  ax  =  0,  we  must  have  h  =  0,  since  0&  -b2^0; 
and  accordingly  cx*0.  But  ac1-2bb1  +  alc  =  0  ;  so  that  here  «  =  0. 
Now  «'  =  «£-«!  =  (),  and  therefore  S,  8'  are  not  proper  quadratics; 
but  if  we  put  them  in  the  homogeneous  forms 

8  =  2bxy  +  cy2,     8'  =  2b' xy  +  c'y2, 
they  evidently  have  the  common  factor  y. 

In  the  foregoing  work  it  has  been  tacitly  supposed  that  8  is  not 
itself  a  square  ;  when  this  occurs  it  will  be  convenient  to  work  with  the 
determinant  1 8-  \S'  |,  which  will  obviously  have  A  as  one  factor.  With 
the  necessary  modifications,  the  results  already  obtained  still  hold 
good  (compare  Ex.  5  below).  It  may  of  course  happen  that  both  8 
and  8'  are  squares;  they  will  then  belong  to  the  type  (1)  of  Art.  1, 
without  further  reduction. 

For  a  classification  by  means  of  invariant-factors,  the  reader  may 
refer  to  the  end  of  Art.  11. 


EXAMPLES. 

1 .     Reduce  : 

(i)     £«2£*-lQ*+r7,     S'  =  4x2-26;u  +  49.       [Math.  Trip.  Pt  L,  1891.] 

(ii)    S=12x2  +  32.v  +  2l,     S'  =  8x2-6x-27. 

[The  results  may  i>e  found  in  the  Quarterly  Journal  of  Mathematics, 
vol.  xxxin,  1901,  p.  93.] 

*  The  reader  may  find  it  instructive  to  observe  that  if  /3  approaches  a  as  a  limit, 
while/),  q  tend  to  infinity  in  such  a  way  that  p  +  q  and  jo(/3-a)  have  finite  limits 
( />',  q'),  then  the  form  p  (x  -  a)2  +  q  (x  -  /S)2  has  the  limit 

}>'  (r  -  a)2  +  2q'  (x-a)  =  {x-  a)  [//  {x  -  a)  +  2q']. 
Thus  the  limit  of  the  two  forms  given  in  (1)  Art.  1  leads  to  the  case  (ii)  discussed  in 
the  text. 
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2.     Prove  that  the  double  points  of  the  involution  \S-S'=0  are  the 
roots  of  the  quadratic  in  x 

=  0. 


a, 

b, 

c 

a', 

V, 

c' 

1, 

-*i 

x' 

3.  The  coefficients  of  S  and  $'  are  real,  prove  that  if  |X#->S"  ]  =  0  has 
complex  roots  in  X,  the  type  (1)  of  Art.  1  leads  to  the  forms 

S=  I  [(x  -  yf  -  S2]  +  2m  {x  -  y),     S'  =  V  [(x  -  yf  -  S2]  +  2m'  (#  -  y), 

where  I,  m,  V,  m',  y,  5  are  real. 

Deduce  that  the  equation  XS  -  S'  =  0  has  real  roots  for  all  real  values  of  X. 

[Math.  Trip.  Pt  I.,  1900.] 

4.  If  Xi,  x2  are  the  roots  of  £=0  and  3/1,3/2  of  >S"  =  0,  prove  that 

(a  -a-i)(a-3/i)  =  (/3  -^i)(/3-yi) 
(a  -  #2)  (a  -  y*)      (0  -  #2)  (£  ~  3/2)  ' 
and  that  the  equation  is  still  valid  when  yu  3/2  are  interchanged. 

[Math.  Trip.  Pt  L,  1894.] 

5.  If  S= ax2  +  2bx  +  c,  and  £'  =  r  (*  -  a)2,  we  have  S=j9  (a?  -  a)2  +  ?  (a?  -  /3)2, 
where 

6a  +  c         _      ac-b2  _     {aa  +  b)2 

P~~aa  +  b'     P~aa2  +  2ba  +  c'     q~  aa2  +  2ba  +  c' 
This  transformation  is  obviously  always  possible  unless  (x  -  a)  is  a  factor 
of£. 

6.  In  the  notation  of  equation  ( 1 )  Art.  1 

p  =  (ac-  b2)/(aa2  +  2ba  +  c). 

[St  John's  Coll.  Exam.  1892.] 

7.  If  Xi ,  x2  are  connected  by  the  relation 

axiX2  +  b  (xi+x2)  +  c  =  0, 
a'xx2  +  2b' Xx  +  c'     a'x22  +  2b' x2 +c'_  r     s     ac'  +  a'c-2bb' 
ax12  +  2bx1  +  c        ax22  +  2bx2  +  c      p     q~        ac-b2 

[Write  y  =  (x-  a) /(x-fi),  so  thsct  py1y2+q  =  0.] 

A  number  of  special  numerical  examples  for  reduction  will  be  found  on 
pp.  23 — 4  of  Greenhill's  Chapter  on  the  Integral  Calculus,  in  the  form  of 
integrals  of  the  type  jdxJSJS'. 
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4.     Preliminary  Lemma.     If  the  determinant 


Oil, 

0U  5 


#12) 


Oh. 


t>,  multipliers  lu  L,  ■•-,  /,«  can  be  found  suck  that 
l1A\  +  LX,+  ...  +//(J^  =  0 
identically  (that  is,  for  all  values  of  xly  #,,  ...,  a?»);  tpjforo 

^i.r  =  QjriX\  +  a^oc^  +  • . .  +  ar„iV ' u  5 

oni  a»,  &  ??o£  necessarily  equal  to  asr. 

For  this  identity  requires  the  set  of  linear  equations  to  be  satisfied  :- 

<l  1 1  '\  """  ^21  t/i  "^  ^31  ^3  "*"   •  •  •   """  ^«1  '?l  =  v, 
tf12/j  +  ^4  +   #32^3  +   •  •  •   +  ^n2  Al  =  0, 


^uj/j  I  M  /,.+  ...+  an„  tn  —  0. 


Aa  the  reader  probably  knows,  the  vanishing  of  the  determinant 
I  Oral  is  the  condition  that  these  equations  may  hold  simultaneously  ; 
in  fact  /,,  4,  •••!  In  may  then  be  taken  to  be  proportional  to  the  first 
minors  of  the  element-  in  any  eolunm  of*  the  determinant,  assuming 
that  the  firs!  minora  do  not  all  vanish. 

When  the  first  minora  are  all  zero,  hut  at  least  one  second  minor  is 
not  /.en>,  there  will  be  two  independent  linear  relations  amongst  the 
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X's.     For  the  purpose  of  simplifying  the  argument,  we  shall  take  n  —  5 
and  suppose  that  the  minor 

#21 ,         #22 ,        #23 
^31  >        ^32)         ^33 

is  not  zero*.     Then  consider  the  value  of  the  determinant 


Oil, 

^21  > 
^31) 
«41, 


<^12j 
#22  J 
^32  j 

#42, 


^33) 
^43  > 


X2 
Xs 
A'4 


When  the  X's  are  written  out  in  full  it  is  seen  that  A  is  equal  to 


<r, 


#„, 
ffn, 
On, 

#41, 


#12  j 
#22) 
^32  > 
#42, 


«13, 

^23) 
#33  > 
#43  > 


#14 
#24 
#34 
#44 


+  #5 


Oil, 

#21, 

#41, 


#12  j 
#22) 
#32  5 
#42, 


#13  > 
#23  > 

#33, 

#43) 


#15 
#25 
#35 
#45 


and  the  determinants  multiplying  ccA  and  #5  are  each  zero,  because 
they  are  first  minors.  Thus  A  is  zero ;  and  so,  on  expanding  A  in  terms 
of  its  last  column,  we  have  a  linear  relation  between  Xu  X2,  X3,  X4 ; 
and  the  coefficients  in  this  relation  are  not  all  zero,  because  X4  is 
multiplied  by  the  non-zero  second  minor  t. 

In  like  manner  we  can  obtain  a  linear  relation  between  X1}  X2, 
X3,  X5,  which  must  be  independent  of  the  first  linear  relation,  unless 
X4  and  X5  are  identically  equal ;  in  that  special  case,  the  second  linear 
relation  is  simply  X4  =  X5. 

Of  course,  there  will  be  generally  more  than  two  relations  amongst 
the  five  X's,  but  as  a  matter  of  fact  the  other  relations  are  deducible 
from  these  two ;  a  proof  of  this  statement  will  not  be  given  here,  as  the 
theorem  is  not  needed  in  what  follows. 

The  reader  should  now  have  no  difficulty  in  convincing  himself  of 
the  truth  of  the  following  theorem  : — 

If  all  the  minors  of  the  (^  —  l)th  order  are  zero,  but  at  least  one 
minor  of  the  kth.  order  is  not  zero,  there  will  be  k  independent  linear 
relations  amongst  the  X's. 

The  converse  theorem  is  also  true  but  will  not  be  needed  here. 

*  If  the  rt's  are  supposed  to  be  related  so  that  a12  =  «2i>  ai3  =  <z3i>  etc-  (or  m  any 
other  way  which  involves  a  symmetry  about  the  principal  diagonal),  it  might  be 
necessary  to  allow  the  rows  selected  to  be  different  from  the  columns. 

t  Otherwise  the  relation  might  simply  reduce  to 

0.X1  +  0.X>  +  0.X3  +  0.X4=0. 
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5.     If  the  determinant  of  a  quadratic  form  in  n  variables  is 
zero,  it  can  be  expressed  in  terms  of  (n  —  I)  variables  at  most. 

Let  the  original  variables  be  a^,  xi}  ...,  x%  and  let  the  quadratic 

form  be 

A  =  anu\2  +  ((.,,.r.r  +  ...  +  auu.ru2  +  2«l2.ci.r.,  +  ... 

so  that  Off  denotes  the  coefficient  of  ./■,.'",  while  that  of  2xrxa  is  <(rs  =  asr. 
Then 

,  oA 

ifa  =  a'*Xi  +  <htX%  +  ...  +  <z*  sen , 


2  a*. 


(fnl^l  +  61)12^2  +  •  •  •  +  <~*h ir?' ii  • 


Hence  by  Art.  4  there  is  at  least  one  linear  relation  with  constant 
coefficients  amongst  the  partial  differential  coefficients  of  A,  because 


\A\  = 


#11  5        #12? 
#21  J         &&  J 


#1« 
#2n 


0. 


#?il  )          #Ji2)  -  •  -  5          ")1B 

We  may  suppose  the  suffixes  arranged  in  such  a  way  that  the 
coefficient  of  oA/d^  in  this  relation  is  not  zero ;  so  that  we  may  take 
the  relation  to  be 

dA_    dA        dA  dA 

0XX  dx2         dx3  dxn 

where  some  or  all  of  c2}  c3) ... , cn  may  be  zero. 
Now  introduce  the  new  set  of  variables 


#  =  #1,    y^x2  +  c-,xu    #,  =  #3  + 

&*?!,        ...,       .'/„=#„- 

'  r/c/'l  J 

and  we  see  that 

*i-Jfci     ^2=l/2-c2iju     . 

•  • )       '^h  ~  1/n  ~  Cn  1f\  > 

.v    .              -.1      M        dA         dA 
so  that               r-  =  5 c2  r 

r.'/i       r-''i 

0, 

,                                      dA      dA 

and                             5-  =3—-,    ..., 

Prom  the  fact  that-,       0,  it  follows  that  A,  when  expressed  in 

tenu  qf  the  //'.<.  does  not  contain  //,,-  go  thai  A  depends  only  on  the 
(w-1)  variables  .//,,  y,,  ...,  .//„. 
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It  may,  of  course,  happen  that  in  consequence  of  some  minors  of 
\A\  being  zero,  there  is  more  than  one  linear  relation  between  the 
partial  differential  coefficients  BA/dx;  if  there  are  k  such  relations, 
there  will  be  (k—  1)  relations  between  dA/dy2,  dA/dy3,  ...,  dA/dyn. 
Proceeding  similarly,  we  can  prove  finally  that  A  depends  only  on 
(n  —  k)  variables*. 

Familiar  special  cases  of  the  general  theorem  are  the  following : — 

(i)  n  =  2 ;  the  quadratic  form  ax2  +  2bxy  +  cy2  is  a  perfect  square 
if  its  determinant  {ac-b2)  is  zero.     (Compare  Arts.  1 — 3.) 

(ii)     n  =  3;  the  conic 

ax2  +  by2  +  cz2  +  2fyz  +  2gzx  +  2hxy  =  0, 
degenerates  into  a  pair  of  lines  if  its  determinant  is  zero ;  and  the  two 
lines  coincide  if  the  first  minors  are  all  zero. 

(iii)  w  =  4;  the  quadric  ^ar9xrx8  =  0  (r,  8=1,  2,  3,  4),  degenerates 
into  a  cone  if  its  determinant  is  zero;  into  a  pair  of  planes  if  all  the 
first  minors  are  zero ;  into  a  pair  of  coincident  planes  if  all  the  second 
minors  are  zero. 

It  is  convenient  to  have  a  name  for  the  least  number  of  indepen- 
dent variables  in  terms  of  which  a  quadratic  form  can  be  expressed ;  we 
shall  adopt  the  term  rank  (German  Rang)  for  this  number. 

6.  We  shall  give  next  a  method  of  transforming  a  single  quad- 
ratic form  A.     Consider  the  determinant 


K 


Ctn. 


<hk, 


X2 


#*1  j         0*8  j  ••-,         ®kk,         Xk 

-5-1  j     X,     ...,     X%,      A 
where  Xu  X*,  ... ,  Xk  have  the  same  values  as  in  Art.  4;  but  now  (as 
in  Art.  5)  <*n  =  am.,  and  of  course  k  is  less  than  n. 

If  we  multiply  the  first  k  columns  of  i*Tby  xu  x2,  ...,  xk  in  order, 
and  subtract  from  the  last  column;  and  then  treat  the  rowTs  in  the 
same  way,  it  will  be  seen  that  K  no  longer  contains  any  of  the  variables 
xu  x2,  ...,  xk.     Now  these  operations  do  not  alter  the  value  of  the 

*  First  stated  explicitly  by  Sylvester,  Phil.  Mag.  series  4,  vol.  i,  1851,  p.  121 ; 
Coll.  Papers,  vol.  i,  p.  221.  But  the  substance  of  the  theorem  is  contained  in  an 
earlier  paper  of  1850  (Coll.  Papers,  vol.  i,  p.  145);  this  contains  the  further 
theorem  that  all  the  kth  minors  are  zero  if  ^(k  + 1)  (k  +  2)  of  them  (properly  chosen) 
are  zero. 
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determinant  Kt  so  that  iTmust  be  independent  of  a\,  .r.2,  ...,  a\;  thus 

we  may  write 

K=J\a\+u  a?fc+t,  ...,  a?,), 

where  the  form  of/  is  most  quickly  calculated  by  putting 

#i  =  0,     tr2  =  0,     ...,     .n  =  0 
in  the  determinant  l\. 

But  if  we  expand  K  by  the  elements  of  the  last  column  it  is  clear 
that  K  is  also  equal  to 


flu 

«2* 


ffja,      «Ai25 


»tt 


^11,         ^12>  •••>         #U>  -il 

^lil,  <?22  >  •••>  Agfel  -^2 


#Alj  ^A2j  •••,  #AA)  -^  / 

!    -All         ^2)  •••  j         -ij,  0 

Thus,  provided  that  the  determinant 


A 


#11,        #12  j 
^21  >        #22) 


«1* 


OfUi      #ta>       ••-,       «tt 

is  different  from  zero,  we  have  a  transformation  of  A  given  by 


ADk  =f{xk+x ,  #fc+2,  ...,#„) 


#21  j         #tt| 


^1*,    -3 1 


••■(I). 


0*1  j       a»j        •■•,       akk>       ^k 

JTi,    JT2,    •  -.,    ^k,      0 
In  many  applications  it  is  useful  to  further  transform  the  deter- 
minant containing  JTU  A"2,  ...,  jfi,  by  writing 

«n^i  +  *isjfa  +  ...  +  (hktfu  =  Xu 

<<n!h  +  »«yi  + ...  +  o*yt  =  X%> 


(**&  +  Ottjfs  + ...  +  a»y*  -  Xj : 
then  since  the  determinant  l>,:  of  the  coefficients  on  the  left-hand  side 
II  supposed  differenl  from  Eero,  wecan  express y\,y*  ...,;A-as 
linear  fractions  of  Xu  X%i  ...,  2T»j  and  it  will  be  readily  seen  thai 
the  differences 

depend  only  on  ...,    #». 
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If  we  substitute  for  Xu  X2,  ...,  Xk  in  terms  of  yu  y2,  ...,  yki  we 

see  from  (1)  that 

#iij     #i25     •••>     #ifcj     X\     =  DkA', 

#21)        #22)         •••)        #2fc)        -Aj 

#fcl)        #A-2)        •••)        #Jtfc)        A^. 
^1,       A  o,        •    •,       Xj,  0 

where  A'  is  obtained  from  A,  by  writing  yu  y2}  ...,  y&  in  place  of 
Xx,  cc2,  ...)  #*  and  zero  for  the  other  variables.     Hence 

-4  =-4'  +/(#*+i,  «fc+»,  •••,^)/A   (2). 

We  shall  discuss,  in  Art.  7,  various  forms  of  this  transformation 
which  will  be  required  in  the  sequel.  The  transformation  can  also 
be  used  to  establish  Thomson's  and  Bertrand's  theorems  in  Analytical 
Dynamics  ;  this  application,  although  unnecessary  for  our  future  work, 
is  sufficiently  interesting  to  be  included  here. 

It  will  be  seen  that  the  above  transformation  (1)  may  be  written  in  the 
form 

A=g(Xu  X%>  ...»  Xk)  +  h(xk  +  u  xk  +  2,  ...,  a?,), 
where  g,  h  are  quadratic  forms  J   the  important  point  to  notice  being  that 
in  this  transformed  form  of  A  there  are  no  product  terms  of  the  type  Xrva. 

Now  let  \A  represent  the  kinetic  energy  of  a  body  or  dynamical  system 
started  from  rest  by  a  set  of  impulses;  the  variables  ,%\,  x2,  ...,  xn  denoting 
the  generalised  velocities  (in  the  sense  associated  with  Lagrange's  dynamical 
equations).  Then,  since  A  must  be  positive  for  all  conceivable  distributions 
of  velocity,  it  is  clear  that  the  quadratic  forms  g,  h  must  possess  the  same 
property ;  for  we  can  suppose 

Xi-O,     A2  =  0,     ...,    Xk  =  0, 
without  imposing  any  relation*  on  the  variables 

•^fc+l)      ^A;+2)       •••)       xni 

and  consequently  h  {xk  + 1 ,  xk  +  2,  . . . ,  xn) 

must  be  positive  for  all  real  non-zero  values  of  its  arguments.     A  similar 

argument  applies  to  g(Xl,  X2,  ...,  Xk). 

*  For  the  determinant  Dk  is  supposed  not  to  vanish,  so  that  the  conditions 

X1  =  0,    X2  =  0,    ...,    xk  =  o 

enable  us  to   express   xx,  x.2,  ...,  xk  in  terms  of  the  remaining  variables.     As 

a  matter  of  fact  Dk  cannot  be  zero;  for  if  Dk  =  Q,  we  can  find  non-zero  values  of 

xlf  x2,  ...,  xkto  satisfy  the  conditions 

X1  =  0,     X2  =  0,     ..,     Xk  =  0,     xk+1  =  0,     xk+2  =  0,     ...,     xn  =  0; 
and  because  A  =  Xxxx  +  X2x2  +...+  Xnxn ,  these  values  would  make  A  zero,  contrary 
to  the  physical  interpretation  of  A . 
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Now  suppose  the  system  started  from  rest  in  such  a  way  that  the  velocity 
is  prescribed  at  each  point  where  an  impulse  is  applied;  then  we  may  suppose 
*fc+ij  *k+Sj  •  ••>  'n  given.  By  Lagrange's  equations  for  impulsive  motion  we 
have  in  the  resulting  motion 

A',=0,     X,  =  0,     ...,     X,=0; 
so   that   in   the  actual  motion  A   is   less  than  it  would  be   in   any  other 
motion  having  the  prescribed  velocities*.     This  is  Thomson's  {Lord  Kelviris) 
tkeor\ 

Closely  associated  with  the  last  result  is  Bertrand's  theorem;  in  this  case 
we  suppose  some  of  the  generalised  impulses  known,  and  contrast  the  actual 
motion  with  another  motion,  which  is  subject  to  additional  constraints. 
It  may  be  assumed  •  that  these  further  constraints  are  expressed  by  the 
equations 

and  the  values  of  A'l5  X2,  ...,  A"A.  will  be  known t.  Then  plainly  the  kinetic 
energy  in  the  actual  motion  will  exceed  the  kinetic  energy  in  the  constrained 
motion  by 

f "  Vvk  +  1 )  xk  +  2 1   •  •  •  >  •'O? 

which  is  positive ;  so  that  the  actual  motion  has  a  maximum  kinetic  energy. 

7.  We  now  proceed  to  the  special  cases  of  the  transformation  of 
Art.  6,  which  will  be  of  chief  use  to  us  ;  and  it  is  to  be  remembered 
throughout  this  article  that  one  of  the  variables  is  regarded  as  on  a 
different  footing  from  the  rest ;  the  special  variable  will  be  taken  to 
be  xx.  For  geometrical  interpretations,  the  reader  may  consult  the 
Appendix. 

(i)  Suppose  that  an  is  not  zero ;  then  by  taking  k  =  1  in  Art.  6, 
equation  (1),  we  have 

an  A  =  A\-  +/(.r2,  flfc,  ... ,  .rM). 
We  have  thus  isolated  all  the  terms  containing  ,ru  without  modifying 
x2, ...,  w%.     Hence,  if  we  write 

y,  =  Xxjan  =  .r,  +  (r/,,.r.,  +  . . .  +  aln.Tn)lan 
we  find  A  =Ouy*+fl<hi (0- 

(ii)  If  au  is  zero,  suppose  that  avl  is  not  zero  J,  then  take  /=2  in 
Art.  G,  equation  (1)  and  we  find 

#12    A  =  2ftj2  JC\  AC 2  —  d-i-i  A  i    —J  (.?';!,   .T4,    . . .,   X%). 

*  The  difference  between  the  two  values  of  A  is  in  fact  g  (A", ,  A'.,,  ... ,  Xk). 
I   Bome  of  these  may  be  zero,  in  case  no  impulse  is  applied  to  the  corresponding 
coordinate. 

%  If  xl  is  actually  present  in  A,  at  least  one  of  the  coefficients  «Vi,  ",..,  ...,  «ln 
must  be  different  from  zero  ;  this  one  is  supposed  to  be  av„ 
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A^1(2X2-€^X1)-^-2f, 

^12    \  ^12  /  ^12 
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and  then 


2yx  =  2X2  -  anXJan  =  2X2  -  a.>>?/2, 

ya  =  Xx/^xa  =  #2  +  (a13x3  +  . . .  +  alnxn)/a12, 

A  =  2y,y*-fM (2). 

We  have  here  isolated  the  terms  in  xx  and  x.2,  without  modifying 
x3,  #4,  ...,#*;  and  the  modification  of  #2  consists  only  in  the  addition 
of  multiples  of  x3,  x4,  ...,  xn. 

(iii)     Suppose  that  the  first  minor 


Ai 


^22) 
^32) 


»a 


^2ra 
#3w 


^Ji2>         ^«.3> 

is  not  zero.     Then  the  determinant 


tt22j 

^23  > 

. .. , 

<^2»l  >           X2 

^32  > 

^33  > 

..., 

^371)           -^3 

^/12» 

^«3) 

... , 

^jmi  )         -A-  n 

X,, 

x„ 

... , 

Xn,     A 

is  seen  to  be  indej 

>endent 

of  asj, 

«#3> 

...,  xu  by  1 

Art.  6  to  evaluate  K ;  and  the  same  method  shews  that  its  value  is 
Dxx2,  where  D  denotes  the  determinant  \A  | . 

Then,  since  Du  is  not  zero,  we  can  find  y2,  y3,  ...,yn  from  the 
equations 

«22#2  +  «23#3  +  ...  +  a2nyn  =  X2, 

a»#  +  «33^3  +  •  •  •  +  (h*y%  =  X3 , 


Uniy?.  +  &*sjfa  +  . . .  +  ctnnyn  —  2Lni 
just  as  in  the  second  transformation  of  Art.  6.     Thus  the  differences 

(#2 -  a*),  (#3  -  a?*),  ---Ayn-  ocn) 
are  multiples  only  of  a?x ,  and 

A  =  A'  +  (D/Dn)x12  (3) 

by  Art.  6,  equation  (2)* ;  where  A'  is  obtained  from  A  by  writing 
zero  for  xu  and  y2,  y3,  ...,  yn  for  #2>  #3, ...,  xn  respectively. 

*  Here  of  course  Dx^2  takes  the  place  of  the  function  K=f(xk+1>  xk+2, ... ,  xn). 
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By  this  transformation  we  reduce  the  terms  containing  xx  to  a 

single  term,  and  the  other  variables  are  subjected  to  no  other  change 
than  the  addition  of  multiples  of  ./j. 

(iv)  If  the  first  minor  Dn  is  zero,  while  D  is  not  zero*,  there  must 
be  at  least  one  element  in  the  first  row  of  D  which  gives  a  non-zero 
first  minor  :  let  us  call  this  element  o^,  and  write 


(ha  i 

Chi, 

Om, 

'  •  ,           a2ll 

On, 

(hu 

■  ■  |           <f;ut 

a4u 

<*«i 

&Ui 

■  ■  i       *Sm 

«*  : 


so  that  Dl2  is  not  zero.     We  shall  denote  the  minor  of  a.2l  by  Z)21,  so 
thatD^Ai- 

By  a  familiar  theorem  t  on  determinants  whose  elements  are  first 
minors,  we  have 


D. 


#33  5 
#43, 


#34, 


#3n 
dim 


#W3  } 


x/2l ,         -t/22     ' 


where  D&  is  the  first  minor  of  a2.2  in  i>.     Thus,  since  Z>n  =  0,  we  have 


#33, 
#43, 


#34, 


#3» 

#4* 


-/>»7/> 


■W. 


#n3  ,         #n4  j  •  •  •  j         #» 

because  Dn  =  I>21 ;  and  so  the  second  minor  in  (4)  is  not  zero. 
Now,  if  we  apply  the  method  of  Art.  6,  it  will  be  seen  that 


#33  J 

#.:», 

•  ,         ff;;n  | 

■V, 

#43, 

au, 

•  >         #4n> 

x, 

#n3, 

#n4, 

•  »         &nni 

■  V, 

Jiz, 

x4, 

•  ,         - 1  H  > 

A 

*  If  D  is  zero,  the  method  of  Art.  5  can  be  applied  to  express  A  in  terms  of 
fewer  variables. 

t  Burnside  and  Panton'H  Theory  <>f  Equations,  vol.  n,  §  110;  or  Scott's 
Theory  <>/  lh-tmniivtnls,   Chap,  v,  §  6. 
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and  since  Dn  =  0,  it  will  be  found  on  using  equation  (4),  that 


D  DD,*    .      D 

2 


^33  >  •••)  #3TO  XS 


_zy12  x/12  z/ia 

^n3  >  •  •  •  j         Mrm  >         -A  » 

Again,  y8,  y4,  ...,  yn  can  be  found  from  the  equations 
«33#3  +  Oafr  +  •  •  •  +  a*  yn  =  X3 , 

«43#3  +  «44#4  +  ...  +  «4»^»  =  X^ 


«n3^3  +  ^«4^4  +  . . .  +  annyn  =  Xn , 
because  the  determinant  of  the  left-hand  side  is  simply  the  second 
minor  of  D  which  has  been  proved  different  from  zero.     Then  each  of 
the  differences  (y3  —  xs),  (#4  -  x4),  ... ,  (yn  -  xn)  will  be  a  linear  function 
of  xx  and  x2. 

After  introducing  the  variables  y3,  •••»#»!  it  will  seen  that  as  in 
Art.  6,  equation  (2)*  we  have 

A=A'  +  2(D/D12)x1y2   (5), 

where  y2  =  x2  -  J  (D22jDl2)  xA ,  and  ^4'  is  obtained  from  A  by  writing 
zero  for  xx  and  #a,  and  y8,  y4,  ... ,  y„  for  #3,  x4,  ... ,  #„. 

We  have  thus  reduced  the  terms  in  xx  to  a  single  product,  the 
other  variables  being  subject  to  no  other  change  than  the  addition  of 
multiples  of  x1  and  x2 ;  in  particular  x2  is  only  changed  by  the  addition 
of  a  multiple  of  xx. 

8.  Reduction  of  a  single  quadratic  form  to  a  sum  of 
squares. 

If  we  repeat  the  operations  (i)  and  (ii)  of  Art.  7,  we  shall  arrive  at 
a  reduced  form  in  which  each  new  variable  appears  once  only  ;  if  the 
variable  appears  as  a  square,  no  further  transformation  need  be  applied 
to  it.  If  two  variables  are  multiplied  together,  forming  a  term  such  as 
2axxx2,  we  can  take  xx  +  x2  =  yx  and  xx  -  x2  =  y2  as  new  variables  ;  the 
term  then  becomes  \a  (y?  -yi). 

In  this  way  the  form  is  reduced  to  a  sum  of  r  squares,  where  r  is 
the  rank  of  the  form  (Art.  5).  Naturally  the  reduction  is  not  unique, 
because  we  are  free  to  collect  the  terms  in  any  order  we  please. 

*  Compare  p.  11 ;  here / {xk^.l ,  xk+2,  ...,  xn)  is  represented  by 

Uf).2*^\i  —  *-^  19  *^  1*^2  * 
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For  instance,  take 

■'••-' + xy  +  f  =  (x  +  \yf  +  |y2 = |^2 + (y + hf  =  i  {x  +  >/)'  +  J  {x  -  >/Y 

wY+\  \+a)x+  L+ja)y? 
l+a+aa 

where  a  may  have  any  value  which  does  not  make  the  denominator  zero. 

A  simple  general  formula  for  the  transformation  may  be  obtained 
as  follows  :  write 


At 


<(U,        ^12>         •••>        rtlk,        2L\ 
^21)        #SBj  •■>        (f-lky        •&■% 


Dk 


a*k 


Cfki,       (hit       ••}      akk,       Xk  &kLi      0*8  j 

JCit  X.,  ...,  Xki  A 
and  let  $k  denote  the  value  obtained  when  we  replace  the  last  row  (or 
last  column)  of  Dk  by  Xu  X,,  ...,  Xk.  It  is  useful  to  note  that  £k 
contains  none  of  the  variables  xu  x2i  •••>  xk. 

Then  Ak-^,  &,  Dk  are  three  first  minors  of  Ak}  and  the  comple- 
mentary second  minor  of  Ak  is  Dk-X.     Hence 


which  gives 


Ak-y        Ak 


=  I>k-iA 


/.•> 


provided  that  neither  Dk  nor  Dk-X  is  zero. 


Further 


^i 


DxA-tf 


Xu    A 

nrnvided  that  we  take  nn  =  Du  -JTi  =  &,  in  agreement  with  the  general 
Sequence  ;  and  A  „  is  easily  seen  to  be  identically  zero.  Thus  we  may 
write 

1     Ai       *'  (with   IK     1) 


il 

D, 

"AA' 

-4, 

A, 
"A 

D.2V 

^«. 


l--0 


£  2 


Hence,  on  addition 


-*Ai-l  -*~Ai-  i  '  '» 


i  ' 


m  A-iA 

assuming  that  />,,  2>tl  ...,  />„  are  all  different  from  zero. 


(1), 
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If  it  happens  that  all  the  minors  containing  (r  +  1)  rows  and  columns 
are  zero  (though  not  all  containing  r  rows  and  columns)  it  is  easy  to 
see  that  Ar  =  0,  so  that  the  summation  in  equation  (1)  will  extend  only 
from  k  =  1  to  k-r\  and  r  will  be  the  rank  of  A  (see  p.  9). 

Example  1.     Take  the  form 

A  =  ax2  +  by2  +  cz2  +  2fyz  +  Zgzx  +  2  hxy, 
then  i>o  =  l,     A  =  «i     D2  =  ab-h2=C,     Z)3  =  A, 

£i  =  as  -I-  % + gw,    £  a  =  Qf  -  F«,    £3  =  A*, 

where  the  notation  used  is  that  familiar  in  connection  with  conies. 


Thus 


A  =  -  f  «wX  A*/  4-  mU  4-  _L  /Y7w  -   #V\2  4.  ^  a2 


(flU;  +  Ay+^)a+_(C^-^)2+  -^ 


assuming  that  a,  C,  A  are  not  zero  ;  this  is  capable  of  immediate  verification, 
by  applying  the  method  (i)  of  Art.  7.  Of  course  there  are  five  other  similar 
reductions,  according  to  the  order  in  which  the  variables  are  taken. 

Another  transformation  may  be  noted  (a  special  case  of  (1)  Art.  6).     With 
X=ax  +  hy+ gz,     Y=  hx  +  by  +fz, 
we  find  A  =  (aY2-  2hXY+  bX2  +  Az2)/C. 

Example  2  (Math.  Trip.  1905).     Take  the  form 

A=2coshd(xl2+x22+...  +  xn2)  +  2(x1X2  +  x2x3+...+xn_1xn). 
Then  it  will  be  found  that 

Bk  +  l  =  2cosh0.I)k-Dk_u 


so  that,  as 

Di  =  2  cosh  0  =  sinh  20/sinh  0, 

and 

D0=\=  sinh  #/sinh  6, 

we  get 

Dk  =  sinh(k  +  l)0jsmh0. 

Again  we  find 

h= 

2y,    1,     0,     0,     ...,     2yXx-Vx<L 

1,      2y,    1,     0,     ...,     x1  +  2yX2-\-x3 

0,      1,     2y,    1,     ...,     x2  +  2yx3  +  Xi 

0,      0,     1,     2y,    ...,     x3  +  2yxi  +  xli 

to  k  rows  and  columns,  where  y  is  cosh  0.     Multiply  the  columns  in  order  by 
x\,  x2, ...,  xk_i,  and  subtract  from  the  last  column  ;  it  will  then  be  seen  that 

h  =  A-i  (2y#* +afc+i)  -  %k  £>k-2 

=  D1cxk  +  Dk_lxk  +  l. 

Or  |fc  sinh  0  =  xk  sinh  (k  +  1 )  0  +  xk  + 1  sinh  k0. 

I  Ofcsinh  (£+  l)0  +  .%  +  1  sinh  £0]2        ,  Q 

Thus       J-l^         8mba.+  1)^smb^  .  where  ^«-?- 
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As  a  verification,  note  that  the  coefficient  of  x£  in  the  last  expression  is 
[sinh  (k  -  1)  0  +  sinh  (k  +  l)  0]/sinh  k$  =  2  cosh  <9, 
while  the  coefficient  of  >vkxk  +  i  is  obviously  2. 

In  case  several  of  the  determinants  Du  D2,  ...,  Dn  are  zero,  it  is 
not  easy  to  give  a  general  formula  of  so  simple  a  character  as  (1) 
above;  the  best,  from  the  point  of  view  of  elegance,  is  that  of 
Darboux*.  However,  if  Dk  is  zero  while  Dk-^  and  Dk+1  are  not 
zero,  we  can  obtain  an  expression  for  the  difference 

by  means  of  a  very  simple  artifice.  Replace  akk  by  akk  + 1,  and  let  the 
new  values  of  the  various  determinants  be  denoted  by  accents.  Thus, 
say 

£'*+i  =  &h  +  tfe,    D\  =  tDk-u    D'k+1  =  Dk+1  +  tEk. 

Further,  since  Dk  =  0, 
we  have  -  £k2  =  Bk^Ak,    Dk+1Ak  -  £Vn  =  0, 

so  that  &*«-{WWA«. 

mi  ^*-l       A  jfc+1  _  «?  (  Vh 

If  now  we  take  the  limit  of  this  equation,  when  £  approaches  zero, 
we  obtain 

Ak-1_Ak±i=    1     [*8&»iif>-    ftt-i-R] 
A-i    A+i    A-i  L  A+i  "  D\+1  J 

-A^D^V*    2AJ  {)' 

which  expresses  this  difference  as  the  product  of  two  factors,  instead 
of  the  sum  of  two  squares  :  the  product  may  of  course  be  expressed  in 
terms  of  two  squares,  in  the  way  indicated  at  the  beginning  of  this 
article. 

Naturally  if  there  are  two  or  more  consecutive  zero  determinants 
in  the  sequence  Du  />,,  ...,  Dnt  a  Bimilar  limiting  process  could  be 
used  to  express  the  corresponding  terms;  but  it  seems  hardly  worth 
while  to  write  out  a  general  formula,  which  is  necessarily  rather 
complicated  and  u  not  needed  in  the  future  work. 

*  See  p.  354,  formula  17  of  the  paper  quoted  in  Art.  38  ;  a  reproduction  is  given 
in  Scott's  Determinants,  pp.  150,  151.  The  reader  may  also  consult  Frobenius, 
Journal  fiir  Math.  Bd.  114,  1895,  p.  187. 
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9.     Positive  quadratic  forms  and  Sylvester's  law  of  inertia. 

We  have  already  met  with  an  example  (see  small  type,  Art.  6)  of  a 
quadratic  form  which  is  positive  for  all  real  non-zero  values  of  the 
variables.  Such  forms  are  called  positive  definite  forms  :  or  sometimes 
simply  positive  foi*ms.  By  changing  the  sign  of  every  coefficient  we 
obtain  a  negative  definite  form. 

Example:  x2  —  xy+y2  is  a  positive  form  ;    —  x2-\-xy  —  y2  is  a  negative  form. 

It  is  often  important*  to  be  able  to  recognise  whether  a  given 
quadratic  form  possesses  the  property  of  being  definite ;  this  can 
be  settled  by  the  aid  of  the  formulae  of  Art.  8. 

Supposing  that  D0,  DYi  D2,  ...,  Dr  are  all  different  from  zero,  it 

will  follow  that 

A         r        A2 

i4,+Ao (1)> 

by  using  the  equations  leading  up  to  (1)  in  Art.  8.  Now,  since  Dr  is 
not  zero,  the  n  variables 

vi ,  C-2  j    •  •  •  j   Cr  >  ^r+ 1  j  «£V+2  >    •  •  •  j  &n  > 

are  linearly  independent;  and  therefore  Ar  must  be  definite  in  the 
variables  #r+1,  %r+i>  -•■,  #»•  Hence  the  coefficient  of  a?r+l  in  Ar  cannot 
vanish;  for  if  it  did  Ar  would  be  zero  for  the  values 

Now  this  coefficient  is  Dr+1;  and  so  we  have  deduced  from  the 
hypothesis  that  Z>0,  Du  D2,  •••>  Dr  do  not  vanish,  the  conclusion  that 
Dr+1  is  also  different  from  zero.  But  D0=l,  D1  =  aU)  which  cannot 
vanish  if  A  is  to  be  definite;  and  therefore  in  succession  we  deduce 
that  D2,  D3,   ...,  Dn  cannot  be  zerot. 

Thus  equation  (I)  Art.  8  can  be  applied  if  A  is  definite;  and  so 
the  n  products  D0Dly  DxDn,  D2DS,  ...,  DnADn  must  have  the  same 
sign  as  A.     Hence,  since  D0=l,  we  have  the  conditions: — 

(i)     If  A  is  positive,  DXi  D*,  A,  •••>  Dn  are  all  positive. 

(ii)  If  A  is  negative,  Dx,  D3,  D5>  ...  are  negative,  D2,  Z>4,  A,  ••• 
are  positive. 

These  conditions  have  been  proved  to  be  necessary  and  they  are 
obviously  sufficient  also. 

*  For  example  in  the  theory  of  maxima  and  minima  of  a  function  of  several 
variables;  in  discussing  the  stability  of  a  state  of  equilibrium;  and  in  similar 
problems. 

f  Compare  footnote  p.  11. 
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nd  to  I"  semidqfinite,  if  it  cannot  change  sign  but  may 

be  zero  for  real  non-zero  values  of  the  variables.     Thus  in  equation  (1) 

above  it  may  happen  that  Dr+i  =  0;  but  if  so,  Ar  must  be  independent 

tr¥l.     For  otherwise  method  (ii)  of  Art.  7  would  express  Ar  in  the 

form 

which  can  be  made  to  have  either  sign,  contrary  to  hypothesis. 

Thus  if  Z)r+1  =  0,  all  the  following  determinants  Dr+2,  2>r+3,  ••• ,  Dn 
must  also  vanish;  and  the  preceding  determinants  must  satisfy  con- 
ditions (i)  or  (ii)  above.  But  these  results  are  not  sufficient  to  ensure 
that  the  sign  of  Ar/Dr  shall  be  always  the  same  as  the  sign  attributed 
to  A,    The  simplest  method  is  to  alter  the  order  of  the  x%  taking  next 

,  a  variable  which  does  actually  appear  in  Ar:  proceeding  thus  we 
obtain  a  set  of  determinants  which  must  satisfy  conditions  (i)  or  (ii) 
above. 

Since  a  semidefinite  form  is  definite  in  a  smaller  number  of  variables, 
we  may  also  express  it  first  in  terms  of  p  variables  (where  p  is  its  rank), 
and  then  conditions  (i)  or  (ii)  must  apply. 

tmph  1.  ax2  +  by2  +  cz2  +  2fyz  +  2gzx  +  2hxy 

is  positive  if  a,  C,  A  are  positive  (compare  Ex.  1,  Art.  8). 

1 1  mple  2.  x2  +y2  +  cz2  +  2fyz  +  2/sa?  +  2xy, 

gives  the  series  of  determinants 

D1==l,     Z>2  =  0,     2)3=0. 
Thus  the  form  may  be  semidefinite ;  to  test  this,  take  the  variables  in  the 
order  x,  z,  y.     Then  the  determinants  are 

and  bo  the  form  is  semidefinite  if  c-/2  is  positive;  its  rank  is  2. 

In  a  maximum  or  minimum  problem,  if  the  quadratic  terms  are 
found  to  be  semidefinite,  it  is  often  difficult  to  decide  whether  a  true 
erne  valur  (..curs;  and  the  rule  commonly  adopted  (e.g.  Edwards, 
-  iitial  Calculus,  3rd  edition,  §  497)  may  lead  to  error. 

Pof  example  consider  (>v-{-y-y2)(x+y-2y2\  in  the  neighbourhood  of 
#=0,  y=0;  the  quadratic  terms  are  (.v+y)2,  and  are  semidefinite;  when 
x +y=o,  the  expression  redooee  to  2?/,  which  has  fche  same  sign  as  (a?+y)8. 

Thus  the   rale   would   lead  us  to  infer  a  minimum  ;    but  nevertheless  the 

reeeiou  may  )>••  made  negative,  by  taking  r+//=^::/r,  so  that  x=o,  y=0 

does  not  give  a  true  minimum   of  the  expression.     A  sufficient  method  for 

variables  ia  the  following.     Suppose  z=f(x,y)  the  given 
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function,  and  that  the  values  x= a,  y  =  b,  z  =  c  satisfy  the  preliminary  tests 
for  a  maximum  or  minimum,  the  quadratic  terms  proving  to  be  a  perfect 
square;  then  examine  the  form  of  the  curve  f(x,  y)=c,  near  the  point 
x=a,  y  =  b.  If  the  curve  has  real  branches  through  the  point,  z=c  does 
not  give  a  true  maximum  or  minimum  ;  but  if  the  point  is  isolated,  z—c 
does  give  a  true  maximum  or  minimum.  Of  course  Newton's  diagram*  is 
usually  the  best  guide  in  complicated  cases. 

Sylvester's  law  of  inertia  states  that  in  whatever  way  a  quad- 
ratic form  is  reduced  to  a  sum  of  squares,  the  total  number  of  positive 
squares  and  the  total  number  of  negative  squares  are  always  the  same, 
provided  that  the  squares  are  real  and  independent. 

Examples: — x2+xy+y2  always  gives  two  positive  squares  (see  p.  16,  small 
type) ;  x2-3xy  +  2y2  always  gives  one  positive  and  one  negative  square. 

But  the  fact  that  we  may  write 

S(x2+y2)=x2+y2  +  (x+y)2  +  (x-y)2 
does   not  contradict  the   theorem,  because  x+y,  x-y,  x,  y  are  not  four 
independent  variables. 

Neither  is  the  equation 

2  (x2  -  y2)  =  (x  +  iy)2  +  (x-  iyf 
contrary  to  the  theorem,  because  complex  coefficients  have  been  introduced 
on  the  right-hand  side. 

The  proof  of  the  theorem  is  very  simple ;  suppose  that  the  quad- 
ratic form  is  of  rank  n  and  is  expressed  in  terms  of  n  independent 
variables  a\,  x2,  •••,  x%.  Let  it  then  be  reduced  to  the  two  forms 
A1X1^A9JT^+  ...  +  AkXk*-(Ak+1X\+i  +  -  +AnXn>), 
B,  17  +  B2  F22  +  . . .  +  Bx  Y?  -  (Bl+1  Y\+1  +  ...  +  Bn  Fw2), 
where  Xlt  X2,  ...,  Xn  are  real  linearly  independent  linear  functions  of 
a?!,  ara>  ••• ,  #«  and  each  of  the  coefficients  A  is  positive  ;  corresponding 
statements  being  true  of  the  F's  and  B's. 

Since  the  two  expressions  for  the  quadratic  form  are  identically 
equal,  we  have 

(AXX?  +  . . .  +  AkXk>)  +  (Bl+l  FV,  + ...  +  jfc  F„2) 
=  (Bx  Y?  +  . . .  +  Bx  F*2)  +  (Ak+1X\+1  +  ...+  AnXn% 
Now,  if  k < I,  the  n  +  k-l  equations 

X^O,       X2  =  0,     ...,     X*  =  0, 
Yi+i  =  0,     Yi+2  =  0,     . . .,      Yn  =  0} 

*  Chrystal's  Algebra,  Ch.  xxx,  §  22;  for  applications  to  the  present  problem  the 
reader  may  consult  Scheeffer,  Math.  Annalen,  Bd.  35,  pp.  572-6. 
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being  fewer  than  n  in  number,  can  be  satisfied  by  real  non-zero  values 
of ./-!,  j:2,  •••!  •*'«  !  and  for  these  values 

(J^I?  +  ...  +  Bl  Y?)  +  (Ak+1X\+1  +  ...  +  A»X/)  =  0. 

Since  all  the  coefficients  in  the  last  equation  are  positive,  and  since 
the  values  of  the  variables  are  real,  this  equation  can  only  be  satisfied 
if 

F^O,        F2  =  0,     ...,     F,  =  0, 

.\    n  =  0,     ^  A:+2  =  0,      ...,    Au  —  0; 
that  is,  we  have  found  real  non-zero  values  of  xu  cc2i  ...,  ocn  which 
satisfy 

Now  this  is  impossible,  since  the  functions  Xu  X.2,...,A"n  are 
supposed  linearly  independent ;  consequently  k  cannot  be  less  than  /. 
In  like  matter  /  cannot  be  less  than  k  ;  so  that  we  must  have 

k  =  l, 

which  is  Sylvester's  law  of  inertia.     (Phil.  Mag.  series  4,  vol.  iv,  1852, 
p.  142  :  Coll.  Papers,  vol.  I,  pp.  380,  381.) 

Thus,  under  the  group  of  real  linear  substitutions,  a  quadratic 
form  has  two  invariants,  which  may  be  conveniently  taken  to  be 
(i)  the  rank  (Art.  5)  and  (ii)  the  signature,  which  is  the  difference 
k-(n-k)  =  2fr  —  n,  in  the  above  case.  For  a  positive  form,  the 
signature  is  equal  to  the  rank. 

10.  Effect  of  a  linear  substitution  on  a  quadratic  form, 
and  on  its  determinant. 

For  the  sake  of  brevity,  we  shall  take  the  case  of  three  variables 
only,  although  the  methods  and  results  apply  to  any  number  of 
variables.  (Sylvester,  Phil.  Mag.  series  4,  vol.  I,  1851,  p.  295  :  Coll. 
Papergf  vol.  i,  p.  241.) 

Suppose  the  form  to  be 

ax*  +  In/  +  rz2  +  2fyz  +  2gzx  +  2hxy, 
and  let  the  substitution  be 

x  =  li£  +  m1r}  +  n  ,£, 
y  =  l2$  +  m,2r)  +  n& 
Z  =  l3$+  l)h,y)  +  nJL 
The  form  then  becomes 

a?  +  Ut?  +  c?C  i  j/',/£  +  2^«  +  2*'6f 
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where  a'  =  alx2  +  bl?  +  cl3*  +  2fl2l3  +  %gkk  +  2^4, 

/'  =  amxnx  +  bm2n2  +  cm3n3  +f{m2n3  +  m3n2)  +  g  (m3nx  +  mxn3) 

+  h(mxn2  +  m^rix), 

with  similar  values  for  the  other  coefficients.     Write  for  brevity 

Lx  =  alx  +  hl2  +  gl3, 
L2  =  hlx  +  bl2+fl3, 
L3  =  glx+fl2  +  cl3y 

with  similar  meanings  for  MXy  M2,  M3  and  Nx,  N2,  N3.     Then  we 

have 

a  =  lxLiX  +  l2JL2  +  h-L^zy 

h!  =  lxMx  +  LM2  +  l3M3  =  mxLx  +  m2L2  +  m3L3 ; 

with  similar  equations  for  the  other  coefficients. 
Thus  the  determinant  of  the  new  form  is 


h>      h-,       h     x       Lx ,      L2,     L3 
mx,     m2,     m3  Mu     M2)     M3 

in      «ii       »a  ^n     ^2i     ^3 

If  now  we  introduce  the  values  of  Lx,  L2,  L3,  etc.  in  terms  of 
lu  U,  l3,  etc.,  we  get 


a,    h\     g 

g',   f,   C 


Lx,     L2,     L3 

Mx,    M2)    M3 

Hence  we  find 

a',     h\    g' 

h\  b',  r 

where  K  is  the  determinant 

h 


a,     h,     g 

X 

h,     b,    f 

g,  f>   o 

lx,        hi 

mx,     <m2, 
nx,      n2, 


k 
rn3 


K" 


a, 

h, 

9 

*, 

b, 

f 

9, 

A 

c 

(1), 


mx, 
nx 


hi  h 
m2,  m3 
n2,      n3 

Now,  although  this  investigation  relates  to  three  variables  only,  it 
will  be  seen  without  difficulty  that  the  method  and  the  result  are  both 
valid  for  any  number  of  variables. 

In  general,  if  a  form  A,  expressed  in  terms  of  ccx,  x2,  x3, ...,  %n, 
becomes  A',  in  terms  of  yx,  y2,  y3,  ...,  yn,  we  shall  have 

\A'\  =  K*\A\  (2), 
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where  A"  is  the  determinant  represented  in  the  Jacobian  notation  by 

dp*!,  •''-'>  J'"»   '••'  a'n) 

Consider  now  the  value  of  the  determinant 

"\     *'i     g\     A      (3), 

0,    /'i     C,    nx  j 
/„   w,,    %,      0  | 

obtained  by  M  bordering  "  the  transformed  determinant  with  a  row  of 
the  coefficients  in  the  substitution. 

This  is  the  determinant  of  the  quadratic  form  (in  the  variables 
ft  %  &  0 

a' £>  +  b'rf  +  cT-  +  2/"r/£  +  2$r'«  +  2h'fr  +  2t  (/,  £  +  m, rj  +  n, £) 

=  aa?  +  bif  +  cz2  +  2/t/z  +  2gzx  +  Zhxy  +  2tx. 
Hence,  by  equation  (2)  above, 

a\      h\     g\     I,     =K12    a,     /i,     g,     1     (4), 

h',  V,  f\  ml 
g,  /',  c\  fh 
kt     niu     nu     0 

where  K  - d^^z'^  -  d fe ^zKlT 

Thus  we  find  that  the  determinant  (3)  is  equal  to 

-AT2    6,    / 

/,     c 

ami  so  is  a  multiple  of  one  of  the  principal  first  minors  of  the  original 
determinant 

If,  instead  of  bordering  with  /,,  mu  ft,,  we  border  with  lx+6l2y 
m^Om?,  nx  +  On.,,  we  see  that  the  determinant  so  obtained  is  equal  to 

&    4    //,    gt    1 

*,    b,  /    e 

9>    /,     c,     0 


a,     h, 

9* 

1 

h,     b, 

/, 

0 

9>     f, 

c, 

0 

1,   0, 

0, 

0 

" 


1,    0,    0,    0 


6.   / 

+  26 

h,    g 

1/     e 

f,     C 

>■    9 
9>     r 
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Now  equate  coefficients  of  20  and  we  find 


k 

=  K2\  K     g 

mi 

If,     c 

*h 

0 

(5). 


a,  h',  g, 
h',  b',  /', 
g\    J",     C, 

The  determinant  on  the  left  of  equation  (5)  can  be  written  out  at 
length  in  the  form 

-a 


v,  f 


v,  r 

-n^nh    «',    g 

~WiW2 

a,    h! 

/',   c 

1  9,     C 

h',     V 

+  (m1n2  +  m2n1) 

«',     9 

-(Wi/a  + 

+  (l1m2  +  hm1) 


*.    9'  I 
/',    c'\ 

which   is   a   linear  function  of  the  first  minors  in  the  transformed 
determinant.     Similarly  we  can  expand  the  determinant  (3). 

Thus,  since  K  is  not  zero*,  we  can  state  the  theorem : — The 
original  determinant  is  a  multiple  of  the  transformed  determinant ;  and 
every  first  minor  of  the  original  determinant  is  a  linear  function  of  the 
first  minws  of  the  transformed  determinant.  And  the  converse  theorem 
is  also  true,  for  we  can  solve  for  £,  -7,  £  and  write 

£  =  \x  +  Ky  +  ^z, 

■q  =  ixxx  +  tey  +  fhZ, 

l=Vlx+  v2y  +  rj3z; 
then  the  argument  can   be  reversed,   writing  \u  \2,  A3  instead  of 
kt  mi,  »ii  etc. 

The  same  result  is  true  for  minors  of  the  second  order,  or  of  any 
higher  order  {when  there  are  more  than  three  variables).  To  deal  with 
a  second  minor,  we  should  have  to  use  a  determinant  bordered  with 
two  rows  and  columns,  such  as 

a,     h',     g', 
h\    b',   f, 

9',  A   c, 

h,   mlt   nu 
ht   m2,   n2, 
and  so  on  for  minors  of  any  order. 

*  If  K  were  zero,  £,  rj,  f  would  not  be  linearly  independent  functions  of  x,  y,  z. 


hi 

h 

mu 

m2 

nlf 

n2 

0, 

0 

0, 

0 

CHAPTER  III. 

REDUCTION  AND  CLASSIFICATION  OF  A   FAMILY 
OF  QUADRATIC  FORMS. 

11.     Invariant-factors.     Definitions  and  abbreviations. 

If  we  have  a  pair  of  quadratic  forms  A,  B  which  contain  the  same 
n  variables,  we  can  construct  from  A  and  B  the  family  of  forms* 
(XA  -  B)  ;  and  if  the  determinant  of  the  family,  denoted  by  |  \A  -  B  | , 
is  split  up  into  factors  (linear  in  A),  then  it  is  well-known  that  each 
factor  is  an  invariant  for  all  linear  substitutions  on  the  variables  con- 
tained in  A,  Bf.  A  proof  of  this  theorem  will  be  given  in  the  following- 
article.  Further,  if  the  factors  of  the  determinant  are  all  distinct,  they 
will  form  a  complete  set  of  invariants;  so  that  if  A'  and  B'  are  another 
pair  of  forms  such  that  j  kA'  -B'\  has  the  same  factors  as  |  A.^4  -  B  |, 
then  A,  B  can  be  transformed  into  A\  B'  respectively  by  the  same 
linear  substitution.  But,  on  the  other  hand,  if  some  of  the  factors 
are  repeated,  it  does  not  follow,  as  a  rule,  that  the  set  of  invariants  is 
complete  without  further  information.  As  an  example,  consider  (i)  a 
family  of  conies  having  single  contact,  (ii)  a  family  having  double 
contact;  in  each  case  the  determinant  is  of  the  form  (A  -  a)2  (A  -  Z>). 
Thus  the  mere  knowledge  that  the  determinant  has  a  squared  factor 
does  not  distinguish  between  single  and  double  contact.  In  fact,  this 
distinction  is  not  at  all  easy  by  the  ordinary  methods  of  invariants 
(Salmon,  Conic  Sections,  Art.  378  a). 

Suppose  that  a  factor  (A-c)  appears  raised  to  the  power  l0  in 
the  determinant ;  we  must  now  examine  the  first  minors  and  let  us 
suppose  that  lx  is  the  index  of  that  power  of  (A  -  c)  which  will  divide 
them  all;  the  value  of  lx  may  be  found  from  the  h.c.f.  of  the  first 
minors.  In  the  same  way  let  /..,  /:t ,  . . .  be  the  indices  of  (A.  -  c)  found  from 
all  the  second,  third,  ...,  minors;  and  let  lr  be  the  first  index  in  the 

*  The  word  family  is  here  adopted  as  the  equivalent  of  the  German  Schaar. 
t  Cf.   Salmon,   Conic  Sections,  Chap,  xvm,  Art.  371,  and  Geometry  of  Three 
Dimensions,  Chap,  ix,  Art.  200. 
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sequence  which  is  zero,  so  that  the  rth  minors  are  not  all  divisible  by 
(A-c),  although  all  preceding  minors  are  so  divisible.  It  will  be  proved 
later  that  the  aggregate  of  all  factors  such  as  (A-c)  together  with 
the  corresponding  indices  l0,  lu  &,...,  t-i  will  give  a  complete  set  of 
invariants  for  the  family  of  quadratic  forms.  But,  for  several  reasons, 
it  is  preferable  to  use,  instead  of  the  indices  l0,  lu  l2,  ••-,  lr-i,  their 
successive  differences  e1  =  l0-lii  e.1  =  ll-l2,  ...,  er=lr-1.  Then  the 
powers  (A  -  c)*»,  (A  -  c)%  ...,  (A  -  c)e'  of  (A  -  c)  are  called  invariant- 
factors  (Elementartheiler*  or,  in  modern  spelling,  fflementarteiler)  to 
the  base  (A  -  c)  of  the  determinant  of  the  family  of  forms ;  and  it 
will  be  proved  that  the  family  can  be  reduced  to  a  type  which  depends 
on  the  invariant-factors  only,  so  that  if  two  families  have  the  same 
invariant-factors,  we  can  transform  the  one  into  the  other  by  means  of 
a  linear  substitution.  This  is,  indeed,  what  we  mean  by  saying  that 
the  invariant-factors  are  a  complete  set  of  invariants  for  the  family. 

It  should  be  noticed  that  the  sum  of  the  indices  of  the  invariant- 
factors  to  base  (A  -  c)  is  /0  5  and  consequently  the  sum  of  all  indices  of  the 
invariant-factors  of  the  family  is  »,  because  the  degree  of  the  deter- 
minant is  equal  to  the  number  of  variables.  Further,  the  first  derivate 
of  the  determinant  \\A—B\  can  be  expressed  as  a  sum  of  first  minors, 
so  that  (4~1)  is  n°t  less  than  l}  :  that  is,  ex  is  not  less  than  1. 
Similarly  each  of  the  indices  e2,  <?3,   ...,  er  is  not  less  than  1. 

To  make  the  definitions  clearer  we  shall  illustrate  them  by  some  examples. 
(i)    A=x*  +  2yz,  B  =  2xy,\\A-B\  =         X,     - 1,    0 

-1,        0,     X 
0,        X,     0 

The  determinant  is  equal  to  -  X3,  but  one  first  minor  (corresponding  to  the 
last  row  and  column)  is  - 1 ;  thus  the  indices  I  are  given  by  £0  =  3,  ^=0  and 
so  e1  =  3.     There  is  thus  only  one  invariant-factor,  namely  X3. 

(ii)     A=afi  +  2yz,  B=y\  \\A-B  \   = 


A, 

0,     0 

o, 

-1,     X 

o, 

X,     0 

*  Introduced  in  this  form  and  with  this  name  by  Weierstrass  in  his  second 
paper  quoted  in  Art.  38  ;  but  17  years  earlier  Sylvester  (Phil.  Mag.  series  4,  vol.  i, 
1851,  pp.  119—140  ;  Coll.  Papers,  vol.  i,  pp.  219—240)  had  used  the  powers  (X  -  c)1 
to  classify  conies  and  quadrics.  However  Weierstrass  was  the  first  to  shew  that  any 
non-singular  family  can  be  reduced  to  a  canonical  type,  each  invariant-factor 
giving  a  group  of  terms  in  the  reduced  forms.  Sylvester  gave  canonical  types  for 
w  =  3,  4  and  afterwards  found  the  number  of  types  for  all  values  of  n  up  to  11 
(see  Art.  23);  but  he  had  no  general  method  of  reduction  nor  for  finding  the 
canonical  types  (which  of  course  are  not  so  directly  connected  with  the  indices  lk  as 
with  the  indices  ek). 


Js  A    FAMILY   OF   QUADRATIC   FORMS  [CH.  Ill 

The  determinant  is  again  -X-"5,  but  here  every  first  minor  is  divisible  by 
X  (in  fact,  all  but  two  are  iero,  ami  these  two  are  equal  to  -X  and  -  X2) ; 
and  one  second  minor  is  -  1  ;  so  that  /0  =  3,  A  =  l,  o_,  =  0,  giving  ex  =  2,  e2  =  l. 
Thus  there  are  two  invariant-factors  X-,  X. 


(iii)     4-«*+y*+jP,    B=z\    \\A-B  \  = 


X,  0,  0 
0,  X,  0 
0,     0,     X  - 1 


The  determinant  is  X2(X-1);  all  the  first  minors  are  divisible  by  X,  but 
not  by  (X-l);  and  the  second  minors  are  not  all  divisible  by  X.  Thus,  for 
the  base  A,  we  get  /„  =  2,  lx=  1,  l2  =  0,  and  6^  =  1,  e2=l  ;  for  the  base  (X  -  1),  we 
have  /0=  1,  /i=0,  so  that  ex  =  1.      Hence  the  invariant-factors  are  X,  X,  (X  -  1). 

(iv)     A  =.r2 +f  +  s2,  B  =  x2  +  -if  +  3 z -', 


|  \A-B  |   = 


X-l,        0,  0 

0,        X  -  2,        0 
0,  0,        X  -  3 


Since  the  factors  of  the  determinant  are  all  different,  they  are  the 
invariant-factors:    namely  (X-  1),  (X  -2),  (X-3). 

We  have  thus  a  complete  theory  for  classifying  families  of  quadratic 
forms  :  but  it  may  be  urged  that  the  invariant-factors  are  not  rational 
invariants,  because  they  involve  the  solution  of  an  algebraic  equation. 
To  meet  this  objection  we  may  use  a  slightly  different  set  of  invariants 
(introduced  by  Kronecker).  Thus,  suppose  that  D0  is  the  determinant 
of  the  family;  that  Dx  is  the  H. c.f.  of  all  the  first  minors  of  DQ ;  that 
D2  is  the  H.  c.  f.  of  all  the  second  minors ;  and  so  on.  Then 
Kronecker's  invariants  are 

fi=A/A,  A-A/A.  A -A/A.  -,  #-A-i/A. 

It  is  easy  to  see  that  if  the  quotients  Eu  hi,  E9i  ...,  Er  are  the 
same  for  two  families  of  forms,  then  the  invariant-factors  are  also  the 
same  ;  for  the  invariant-factors  can  be  obtained  by  dividing 

Eu  A     fi  ,  ...,  Er 

into  their  factors.  Thus  we  have  a  rational  process  for  determining 
the  identity  (save  for  a  linear  substitution)  of  two  given  families; 
and   methods  of  finding  the    substitution    rationally   have  been   given 

by  Frobenius,  Kronecker  and  Lahdsberg.  But  we  shall  not  concern 
Ourselves  with  this  method,  and  shall  suppose  the  invariant-factors 
known   in  all  eases. 

To  make  tin-  distinction  clearer  between  Kronecker's  invariants  and  the 
invariant-fi  e  the  case 

(v)     A=2(xz-yt),     B=2(yz  +  xt)  +  x- 
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Here 


-B  |   = 

-1, 

o, 

\ 

-1 

o, 

1, 

-1, 

-A 

x, 

-1, 

o, 

0 

-1, 

-a, 

o, 

0 

The  determinant  is  (X2  +  l)2  and  the  h.c.f.  of  the  first  minors  is  1. 
So  that  Kronecker's  invariant  Ex  is  (X2-fl)2;  but  the  separate  invariant- 
factors  would  be  (X  4-  if  and  (X  -  if. 

We  now  enunciate  a  theorem  of  fundamental  importance,  reserving 
part  of  the  proof  until  Art.  24  : — 

If  a  family  of  forms  can  be  separated  into  two  parts,  which 
have  no  variables  in  common,  the  invariant-factors  of  the 
family  are  the  same  as  those  of  the  parts,  taken  together. 

In  fact,  if  XA-B  =  (A^lj - B^)  +  (XA2 - B2),  where  the  families  1,  2 
have  no  variables  in  common,  it  is  clear  that  the  determinant  |  XA  -  B  | 

can  be  written  in  the  form 

Ax    I    w 


where  A1  =  \XA1  —  B1\,  A2  =  | XA  2  —  B2 | ,  and  the  <o's  represent  rect- 
angular blocks  of  zeros. 

It  is  at  once  obvious  that  any  minor  corresponding  to  elements 
in  either  block  a>  is  zero  ;  and  consequently  any  non-zero  minor  in 
!  XA  -  B  |  is  the  product  of  a  minor  belonging  to  Ax  by  a  minor 
belonging  to  A2.  From  this  it  is  evident  that  if  (A  — c)  is  a  factor 
of  Aj,  but  not  a  factor  of  A2,  then  the  set  of  invariant-factors  of  Ax  to 
base  (X  -  c)  is  also  a  set  of  invariant-factors  of  |  XA  -  B\ ;  and  similarly 
for  invariant-factors  of  A2  to  a  base  which  is  not  a  factor  of  Ax. 
However,  it  is  not  so  obvious  that,  if  both  Ax  and  A2  have  invariant- 
factors  to  base  (X-c),  then  |  A^l  —  B\  has  the  same  invariant-factors*  ; 
but  the  theorem  is  nevertheless  true,  as  the  reader  may  easily  see  by 
considering  a  few  special  cases  ;  a  formal  proof  will  be  found  in  Art.  24. 

In  the  lists  of  the  reduced  forms  we  use  a  symbol  called  the 
characteristic  by  Segre  and  other  writers,  which  will  be  best  explained 
by  an  example ;  supposing  that  we  had  a  set  of  invariant-factors 

(A -a)2,     (X-a),     (X-bf,     (X-c), 

they  would  be  denoted  by  [(21)  31].     Thus   the  indices  in  round 
brackets  (  )  belong  to  the  same  factor,  and  the  square  brackets  [ 
surround  all  the  indices. 

*  For  instance  if  Ax ,  A2  had  each  an  invariant-factor  (X  -  c)2,  it  is  not  evident 
that  \\A-B\  might  not  have  the  two  (X - c)3,  (X-c),  instead  of  (X - cf,  (X - c)2. 
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With  the  aid  of  this  symbol,  we  may  classify  the  three  cases  of 
Art.  3  as  follows:— 

(i)  [11];     (n)  M;     (m)  [(H)]- 
And  the  five  examples  above  have  the  characteristics 

©Ms    (ii)[(21)]j    (iii)  [(H)!];    (iv)  [111];    (v)  [22]. 

12.  Proof  that  invariant-factors  are  actually  invariants 
under  any  linear  substitution. 

Apply  the  results  of  Art.  10  to  the  determinant  \\A-B\\  then 
since  ike  linear  substitution  is  independent  of  X,  it  is  clear  that  (if 
A,  B  become  A\  B  after  the  substitution  is  applied)  the  determinants 
\XA  —  B\  and  \\A'  - B'\  can  differ  only  by  a  factor  which  is  independent 
of  X.  Thus  if  \\A-  B\  contains  a  factor  (A -6')  raised  to  the  power  of 
/o,  \\A' -B'\  contains  the  same  factor  raised  to  the  same  power;  and 
conversely. 

Again,  by  the  same  article,  any  first  minor  of  | XA '  -  B'\  is  expressible 
as  a  linear  combination  of  the  first  minors  of  \kA-B\\  and  the  co- 
efficients in  the  expression  depend  only  on  the  first  minors  of  the  linear 
substitution,  so  that  they  are  independent  of  X.  Thus  if  (X  — c)*>  is  a 
factor  of  all  the  first  minors  of  \\A  - B\,  it  will  also  be  a  factor  of  all 
first  minors  of  \\A  -B\  ;  and  conversely. 

The  same  argument  can  be  applied  to  the  minors  of  any  order ;  and 
we  deduce  that  the  factor  (X  -  c)  and  the  sequence  of  indices 

Am       'li       ^2>        •••>       *r-l 

are  the  same  for  the  determinants  |X,4-i?|  and  \\A'-B'\.  In  other 
words,  the  factor  and  its  indices  are  invariants  under  any  linear  sub- 
stitution applied  to  the  family  of  forms.     But  the  differences 

€\  —  Iq  —  l\ ,       &j  =  'l       '2  j        •  •  •  >       &r=  *> — l 

are  equally  invariants,  since  they  can  be  deduced  from  /0,  lx,  ...,/r_i  (and 
conversely).  Thus  the  invariant-factors  arc  ako  invariants  under  any 
I'm,  nr  substitution  applied  to  the  family  <>/'  forms. 

Although  the  foregoing  discussion  refers  only  to  the  separate 
invariant  factors,  yel  it  is  easily  seen  that  the  same  proof  establishes 
the  fact  that  Kronecker's  quotients  are  also  invariants.  Indeed  JES  is 
simply  the  produd  "fall  SUCh  invariant-factors  as  (k~cf>;  and  so  on. 

13.  Reduction  of  two  quadratic  forms  in  three  variables. 

The  method  given  here  is  only  a  special  case  of  the  general  process 
for  //  variables  described  in  Art  20:  but  a  beginner  will  probably  find 
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it  easier  to  become  familiar  with  the  special  case  first.  We  shall 
accompany  the  algebraic  reduction  with  a  geometrical  explanation, 
taking  the  three  variables  as  homogeneous  coordinates  of  points  in  a 
plane ;  so  that  the  quadratic  forms  represent  conies,  when  equated  to 
zero. 

If  A  and  B  are  the  given  quadratic  forms  suppose  that  (A  -  c) 
has  been  found  to  be  a  factor  of  the  determinant  \\A-B\.  Then 
(cA  -  B)  contains  at  most  two  independent  variables*  (by  Art.  5);  and 
let  the  variables  a^,  x2,  x3  be  first  chosen  so  that  xx  does  not  occur  in 
(c A  -  B).  Then  the  problem  divides  itself  into  three,  according  as  the 
form  (c A  -  B)  contains  two  variables,  one  variable,  or  is  identically 
zero. 

§  1.     First  suppose  that  (cA-B)  contains  two  variables,  so  that 

cA-B=f(x2,  x3),     A=g(xu  x2,  x3) (1). 

Geometrically  speaking  we  have  found  c  so  as  to  make  cA  -  B  =  0 
represent  a  pair  of  straight  lines,  intersecting  in  P,  say;  and  then 
P  has  been  taken  as  a  vertex  of  the  fundamental  triangle. 

The  next  step  is  to  see  if  x?  is  present  in  A ;  if  so,  the  method 
(i)  of  Art.  7  can  be  used  to  isolate  all  the  terms  in  xly  by  writing  t 

yl  =  anxl  +  a12x2  +  a13x3i     A  =  (y?lan)  +  h  (x2,  x3). 

Thus  we  have  found  a  set  of  variables  such  that 

A  =  yi7«ii  +  h  (x2,  x3),      cA-B  =f(x2,  x3) (2). 

The  reduction  can  now  be  completed  by  applying  the  methods  of 
Arts.  2,  3  tof(x2,  x3)  and  h  (x2,  x3);  and  there  are  three  possible  cases, 
as  found  in  those  articles. 

Geometrically,  the  presence  of  xx2  in  A  means  that  the  point  P  is 
not  on  the  conic  A  =  0 ;  so  that  the  polar  of  P  (which  is  the  same  line 
for  all  the  conies  \A-B  =  0)  will  not  pass  through  P,  and  so  may 
be  taken  as  the  opposite  side  of  the  triangle  of  reference ;  and  the 
remainder  of  the  discussion  depends  on  the  involution  intercepted  by 
the  conies  on  this  side.  The  three  cases  will  be  sufficiently  clear 
from  Figs.  1 — 3  on  p.  32.  In  the  first  and  second  cases,  a  second 
pair  of  lines  c  A  —B  =  0  can  be  found,  intersecting  in  Q,  which  is  a 

*  If  the  determinant  j  A  |  is  zero,  \\A-B\  may  have  no  factor  such  as  (X  -  c) ;  if  so, 
use  A,  B  instead  of  (cA  -  B)  and  A  respectively.  It  frequently  happens  that  \\A~B\ 
has  at  least  two  distinct  factors  (X  -  c),  (X  -  c') ;  and  then  the  work  is  shortened  by 
taking  (cA-B)  and  (c'A  -B)  as  the  forms  to  start  with  (compare  Ex.  1,  Art.  16). 

f  We  take  A  =  alYx^  +  2a12x1x2  +  2anxxx.6  +  .... 
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inl  vertex  of  the  triangle  of  reference.     In  the  first  case  the  third 

vertex  O  is  the  pole  of  the  line  PQ  ;  in  the  second  it  is  the  point  of 

contact  of  the  other  tangent  from  P  to  the  conic  .1     0.     In  the  third 

Q  can  he  taken  anywhere  on  the  polar  of  P,  and  O  is  then  the 

harmonic  conjugate  of  Q  with  respect  to  the  conies. 


[ill] 


Fig.  1. 


Fig.  2.  Fig.  3. 

But,  //*.>,-  is  n<>t  present  in  A,  (so  that  On  =  0),  we  may  suppose  al2 
different  from  zero*,  and  then  method  (ii)  of  Art.  7  is  to  be  applied 

to  .1.    We  obtain  then 

A  =  2yxy.  +  a 

where  //,  -  (fln^i  +  °»^  +  (*m^$)  ~h    "  (&»&*  +  <*m^)i 

"vi 

y*  +<'i,-r:i),    a 

a  On 

*  For,  provided  th.it  .< -,  is  actually  present  in  A,  one  or  other  of  a]2,  au  must 
Dot  vjini.-h  ;   Uld  we  suppose  1 1 1 « ■  suit  D   so  tl lit t  <tV2  is  not  zero.     Of  course 

if  .r,  is  not   pretest  in  .1,  the  problem  depend*  only  on   the  reduction  of  forms  in 
two  variables  x.,,  x.A. 
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Substitute  now  x2  =  y2-  (#13/012)  xi  m  (pA  -  B)  and  we  obtain  the 
forms 

A  =  2y1y2  +  ax3\     cA-B=f(y2,  a*) (3). 

The  geometrical  meaning  of  this  transformation  is  that  P  is  now 
on  the  conies  A  A  —B  =  0,  and  y8-0  is  the  polar  of  P  (that  is  to  say, 
the  common  tangent  to  the  conies  at  P) ;  while  yx  =  0  is  the  tangent  at 
the  other  intersection  of  the  line  x3  =  0  with  the  conic  A  =  0. 

We  must  next  examine  (3),  to  see  if  xi  is  present  in  (cA-B) ;  if  so, 
we  may  apply  method  (iii)  of  Art.  7,  and  obtain* 

cA-B  =  b2yi  +  b3  (a?8  +  ky2)2  =  b2y?  +  b9y9*. 
Substitute  x3  =  y3-  ky2  in  A  and  we  get 

A  =  2y1y2  +  a  (y3  -  ky2)2  =  2#'ya  +  ayz\ 
where  y,'  =  yx  +  \atfy2  -  aky3. 

Thus  variables  have  been  found  such  that 

A  =  2y,'y2  +  ay?,     cA-B=  b2y2-  +  b,y32 (4), 

and  the  reduction  is  now  complete.  Geometrically,  the  distinction  in 
(3)  depends  on  whether  y2  =  0  is  or  is  not  one  of  the  pair  of  lines 
cA  —B  =  Q  ;  when  it  is  not,  we  take  y3=  0  as  the  harmonic  conjugate 
of  y2  =  0  with  respect  to  this  pair  of  lines.  Then  yx'  =  0  is  the  tangent 
to  A  =0  at  its  second  intersection  with  y3,  as  in  Fig.  4f. 


Fig.  4. 

If,  however,  x32  is  not  present  in  (cA  -  B)  in  (3),  we  may  write 
cA  -  B  =  2y2  (bx3  +  hy2)  =  2y2y3) 

*  Here  the  method  is  not  really  different  from  method  (i)  :  with  more  variables 
the  two  methods  are  quite  distinct  (see  note  f  on  p.  41). 

t  It  will  be  seen  that  we  are  dealing  with  the  same  case  as  the  second  on  p.  32 ; 
but  from  a  different  point  of  view. 

B.  3 


34  A   FAMILY   OF   QUADRATIC   FORMS  [CH.    Ill 

so  that  A  -  2y}'y2  +  ayilb2, 

where  y,'  =  y,  +  }  (ak-jb2)  y2  -  (ak/b)  y3 . 

Thus  the  reduced  forms  are 

A  =  2y,'y,+  ay,*,     c^l  -2?=2y#3 (5). 

Here,  from  the  geometrical  point  of  view,  y2  =  0  is  one  of  the  two 
lines  c^l  -  i?  =  0  and  y3  =  0  is  taken  to  be  the  other  ;  y/  =  0  is  deter- 
mined as  before.    The  conies  will  be  seen  to  osculate*  at  P,  as  in  Fig.  5. 


Oxcul<iti>i(] 
Contact   [3] 


Fig.  5. 

We  note  here  that  if  a  =  0  in  equation  (5),  XA  -B  =  0  always 
represents  a  pair  of  straight  lines  (see  §  4  below). 

§  2.  Secondly,  suppose  that  the  form  (cA  -  B)  contains  only  one 
variable  (.r3)  so  that  (A-  c)  is  a  factor  of  every  first  minor  in  \\A  -  B\ ; 
then 

cA  —  B  =  kx3  ; 

choose  if  necessary  two  new  variables  xu  x2  so  that  the  terms  in  A 
which  are  independent  of  #3  reduce  to  the  form  t  ax*  +  bx2.  If  neither 
a  nor  b  is  zero,  we  can  apply  method  (i)  of  Art.  7  to  absorb  the  terms 
xxxz  and  x2x3  in  A  ;  and  then  finally 

A=y1'/a  +  y22lb  +  lx3\       cA-B  =  kx3* (6). 

But  if  (say)  b  is  zero,  the  reduced  forms  are 

A  =  y?/a  +  2y2x3)       cA-B^kx? (7). 

*  For,  since  y,'  cannot  be  zero  in  the  neighbourhood  of  P,  we  may  write 

«  =  y8/2/i'.    *mvM* 
Then  the  two  conies  are  given  by 

(A)     u=-\at\       (/?)     u=-  $ac*a/(c  +  t). 
Thus  for  e  =  0,  m,  —  ,  -^  are  the  same  for  the  two  conies;  and  this  fact  indicates 

osculation  at  t  =  0. 

t  See  Art.  8  for  the  methods  of  procedure. 
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Of  course  a,  b  may  both  be  zero :  but  then  we  can  write 

A  -  2y2x-s ,      cA  -  B  =  kx£, 

and  so  the  family  of  forms  contains  only  two  independent  variables. 

From  the  geometrical  point  of  view  it  is  clear  that  when  (cA  -  B) 
is  represented  by  a  pair  of  coincident  lines,  the  only  cases  possible  are 
given  by  (i)  double  contact,  (ii)  four-point  contact  as  in  Figs  6,  7  : — 


Fig.  6. 


Fig.  7. 


§  3.  Thirdly,  (cA  -  B)  may  be  identically  zero  and  then  if  A  is 
brought  to  a  sum  of  squares  by  Art.  8,  B  will  be  reduced  at  the 
same  time. 

§  4.  In  addition  to  the  cases  already  discussed  we  must  examine  the 
singular  case  when  \\A-  B\  is  zero  for  all  values  of  A.  Here  of  course 
the  determinants  |  A  |  and  \B\  are  zero,  and  therefore  the  variables 
%i,  ^2,  £3  can  be  chosen  so  that  xx  does  not  occur  in  B  nor  «r3  in  A; 
write  therefore 

A  -  ax?  +  2bxxx2  +  cx2z,    B  =px%  +  2qx^xz  +  rx£. 

Then  |  XA  -  B  \  =  \a  (pr  -  q2)  —  AV  (ac  -  b2)  so  that  a,  r  must  be  zero 


Fig.  8. 


3—2 
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unless  A  and  B are  squares,  a  case  already  examined  under  §2.    Thus 
.>•,  must  be  a  factor  of  (KA  -  /?)  for  all  values  of  A,  and  we  may  write 

.1      :>./•,  ./•,,,      B  =  i2xixs (8). 

Fnnu  the  geometrical  point  of  view  it  is  dear  that  two  pairs  of 
Btraight  lines  can  only  give  rise  to  a  family  of  pairs  of  lines  if  one  line 
is  common  to  the  two  given  pairs,  as  in  Pig.  s. 

14.  We  are  now  in  a  position  to  write  out  a  classified  list  of 
all  the  possible  types  of  reduced  forms  in  three  variables. 

(i)  A  =  kite?  +  hat  +  htxi 


Jj  =  fC\ C\ X\    +  A'n Co 3B%  "*"  A3 C3 X-f  ) 


Here  the  determinant  \\A-B\  has  the  three  different  factors 
(A-d),  (A. -Co),  (A-c3);  and  so  the  indices  of  the  invariant- 
factors  are  indicated  by  the  symbol  [111]. 

(ii)  If  c2  =  cx  in  the  type  (1),  the  determinant  has  factors 
(A-d)2,  (A.  — c3),  and  the  first  minors  are  all  divisible  by  (A-d), 
so  that  the  invariant-factors  are  (A-*?,),  (A-d),  (A  —  c8) ;  this  is 
indicated  by  the  symbol  [(11)  1]. 

(iii)  If  in  equation  (1)  d  =  c2=c3>  the  determinant  has  the 
cubed  factor  (A-d)3,  every  first  minor  is  divisible  by  (A-d)2, 
and  every  element  by  (A  -  d) ;  so  that  the  invariant-factors  are 
(A-cJ,  (A-d),  (A-d)  :  which  is  indicated  by  [(111)]. 

(iv)  A=2x1x2+k3x32  I  , 

Jo  =  ZC\X\X2  t  K<iX<{  -r  k3('3X3    ) 

Here  the  determinant  \\A  -  B\  has  the  factors  (A-d)2,  (A-c,), 
as  in  (ii) :  but  one  first  minor  is  not  divisible  by  (A-d),  so  that  the 
invariant-factors  are  (A-d)2,  (A-c3)  :  which  is  indicated  by  [21]. 
(v)  If  c3  =  d  in  the  type  (2).  the  determinant  contains  the  cubed 
factor  (A-d)3,  as  in  (iii) ;  but  one  first  minor  is  divisible  only  by 
(A-d),  not  by  (A-d)2;  thus  the  invariant-factors  are  (A-d)2, 
I,  indicated  by  [(21)]. 

(vi)  A=2x1x2  +  k3x3*  1 

B     84  .'\ ./',  +  /-,/•,  x}  +  2x2x3 }  ^  '" 

Here  the  determinant  \\A-B\  is  divisible  by  (A-r,)s  as  in  (iii) 
and  v  ;  l>ut  there  is  one  first  minor  which  is  not  divisible  by 
(A-d):  BO  thai  then- is  but  one  invariant-factor  (A  d)*,  indicated 
by  [8]. 

vii)  A^2x,x2i  B  =  2x2x3 (4). 

a.i     /;  Lb  identically  zero. 
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The  reader  will  probably  observe  that  we  have  given  a  list  of 
7  cases  only,  while  there  appear  to  have  been  9  cases  discussed  in 
explaining  the  various  methods  of  reduction  (Art.  13).  This  difference 
arises  from  the  fact  that  two  of  the  cases  may  present  themselves 
under  different  heads.     For  instance,  if  we  have  case  (ii) 

A  =  x2  +  x22  +  x.2,    B  =  cx  {x2  +  x2)  +  c3x32, 

we  may  take  either  (cxA-B)  or  (c3A-B)  for  our  discussion;  the 
former  contains  only  one  variable,  whereas  the  latter  contains  two. 
Thus  the  one  type  of  reduced  forms  will  present  itself  under  two 
heads,  when  we  consider  the  different  methods  of  reduction*;  geometri- 
cally, the  fact  is  obvious  on  comparing  Figs.  3  and  6. 
Similarly  in  case  (jv) 

A  =  2xxx2  +  x32,    B  =  2cxxxx2  +  x2  +  c3x2, 

if  we  consider  (cxA  -B)  and  A,  we  find  that  (cxA  —  B)  contains  x2,  x3 
but  that  A  does  not  contain  x2  ;  on  the  other  hand,  if  we  take 
(csA  -  B),  this  form  contains  xXi  x2  and  A  does  contain  x32.  So  that 
the  pair  of  forms  can  be  reduced  in  two  different  ways;  to  realise 
the  geometrical  equivalence,  we  need  only  compare  Figs.  2  and  4. 

15.  It  is  a  fundamental  fact,  to  be  noticed  carefully,  that  a 
knowledge  of  the  invariant-factors  of  |  A  A  -  B  |  is  sufficient  to 
enable  us  to  write  down  the  type  to  which  the  forms  A,  B  can 
be  reduced,  without  actually  carrying  out  the  reduction. 

The  truth  of  this  statement  will  be  recognized  on  observing  that  to 
every  one  of  the  types  (i) — (vi)  in  Art.  14,  corresponds  one  and  only 
one  set  of  invariant-factors.  That  the  statement  is  true  for  quadratic 
forms  in  any  number  of  variables  will  appear  from  Art.  20.  There  is, 
of  course,  one  exception  ;  in  the  type  (vii)  there  are  no  invariant- 
factors.  For  this  reason,  the  adjective  singular  is  usually  applied 
to  this  case  ;   the  necessary  invariant  is  found  in  Art.  21. 

For  convenience  of  reference  we  give  a  table  of  the  reduced 
forms,  together  with  the  geometrical  relations  of  the  corresponding 
conies  (see  p.  38). 

*  Incidentally  it  should  be  noted  that  here  the  reduction  is  not  unique; 
because  if  x1  =  y1cos  d  -y2sind,    x2  =  yx  sin  0  +  y2  cos  0, 

we  have  xx2  +  x22  =  y^  +  y22. 

And,  generally  if  we  write 

we  shall  have  kx  .rx2  +  k2 x22  —  lx  £j2  +  Z2  £22, 

provided  only  that  ^*ii>i2?2+^2^'i?2  — ^- 
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Characteristic 

Reduced  forma 

Geometrical  meaning  of 

[111] 
[(H)  1] 

[(HI)] 
[21] 

[(21)] 
[3] 

{3} 
Singular  case 

A  =  klx{2  +  k+r.r  +  L; 

B = CiitXi*  +  vJwr./  +  c&cf 

A=kvrx2  +  Ltv.?  +  k, 

B  =  cx  (k&i*  +  k&f  +  lc&£) 

B = 2cxxxxt  +  k&f  +  C:A;'V/ 

A  =  2x\X2  +  k3X^ 

B=ci  (2x\x2  +  £3.r32)  +  ^2.r22 

2?  =  ^  (2^2  +  ^32)  +  2.^2-^3 

A  =  2xxx2 
B  =  2x^v3 

A    family    of   conies   with    a 
definite  self-polar  triangle 

A    family    of    conies    having 
double    contact  :    the    self- 
polar  triangle  exists  but  is 
not  unique 

A  family  of  coincident  conies 

A    family    of    conies    having 
single  contact :  there  is  no 
proper  self- polar  triangle 

A  family  of  conies  with  four- 
point  contact 

A  family  of  osculating  conies 

A  family  of  pairs  of  straight 
lines  :   one  line  is  common 
to  all  members  of  the  family, 
the  other  line  passes  through 
a  fixed  point 

With  regard  to  this  table  it  may  be  noted  that  the  symbol  {3}  is 
explained  in  Art  21  ;  and  that  it  is  now  very  easy  to  distinguish 
algebraically  between  conies  which  have  single  contact  and  conies 
which  have  double  contact.  In  the  older  in  variant- theory  of  conies 
(Salmon,  Conies,  Art.  878a)  this  distinction  is  not  very  simple. 

16.     Examples  of  reduction  in  three  variables. 
Example  1.      Type  [111].     Take  the  two  quadratic  forms* 

A  =  Zx2 -y2-z2-  Qzx - 2xy, 

B  =  6x2-y2  +  2z2  +  6yz  +  l.<  //. 
The  determinants]  equation  |  \A  -  B  |  =  0  gives 

(X-l)(A  +  2)(13X-37)  =  0. 
Wt  shall  therefore  work  with  the  two  forms  (B-A),  (2A+B),  each  of 
which  will  depend  on  two  variables  only  (by  Art.  5).     Now 

B -  A  =  3 (#2  +  z2  +  2yz  +  2zx  +  2xy)  =  3  (x  +  z)  (x  +  2y  +  z), 

*    Mathematical  Tripos,  1892. 
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so  write  t  =  x  +  z,  and  then 

B-A  =  3t(2y  +  t), 

where y,  t  replace  x2,  x3  of  Art.  13,  equation  (1),  and  x  will  take  the  place  of  xx. 
When  the  other  form  (2  A  +B)  is  expressed  in  terms  of  x,  y,  t,  we  have 

\{2A  +  B)  =  4x2  -  y2  +  (2y  -  4x)  (t  -  x) 

=  8x2  -2xy-  Atx  -y2  +  2ty. 

Next,  we  must  isolate  the  terms  which  contain  x,  using  Art.  7  (i) ;  it  will 
be  seen  that 

l(2A+B)  =  l{Zx-y-2t)2-l(2t-Zy)\ 

so  that  2A  +  B=Z(£2-V2), 

where  g=8x-y   T2t  =  6x-y-2z, 

r)=      -3y  +  2t  =  2x-3y  +  2z. 

The  variable  £  corresponds  to  yx  of  Art.  13,  equation  (2) ;  but  in  the 
work  of  that  article,  rj  would  not  appear  until  a  later  stage.  Now  replace  y 
in  (B-  A)  by  its  value  £  (2^-17) ;  the  forms  then  become 

B-A=t(7t-2v)y     2A+B  =  Z(£2-V2). 

The  further  reduction  depends  on  that  of  the  two  forms  t(7t-2r))  and 
-  §r)2 ;  and,  since  t2  is  present  in  the  former,  we  can  write 

*(7*-2J?)  =  i(C2-'?2)> 
where  (=7t-r)  =  bx  +  3y  +  5z. 

Thus  B-A=l(C2-rj2),     2A+B=Z($2-V2); 

and  it  follows  at  once  that  A  =  J|2  -  y^*?2  -  ^%C2j 

The  accuracy  of  our  work  is  now  checked  by  observing  that  the  third 
factor  of  \\A-B\  is  evidently  (13X-37),  as  it  ought  to  be.  Referring 
briefly  to  the  geometrical  interpretation  of  this  example,  we  observe  that  the 
pair  of  lines  B-  A  =0  meet  in  the  point  p  (1,  0,  -  1).  Then  the  polar  of  p 
with  respect  to  either  conic  is  6x  —  y-2z  =  0,  or  £  =  0  in  the  notation  used 
above.  Next,  the  second  pair  of  lines  2 A  +B  =  0  meet  in  the  point  Q  (1,  2,  2) 
and  the  polar  of  Q  is  5x+3y  +  5z  =  0,  or  £=0  in  the  foregoing  notation. 
Finally  PQ  is  2x-3y  +  2z  =  0,  or  17  =  0. 

Example  2.     Type  [3].     The  two  quadratic  forms 

A  =  2x2  +  2y2        -  2yz  -  2zx, 

B=  x2  +  3y2+z2-4yz-2zx; 

give  a  determinant  |  XA  —  B  \  which  has  the  one  invariant-factor  (X  -  l)3. 

Here  A- B=x2-{y—z)2,  so  that  we  may  take  y=z+t,  and  then  we  have, 
corresponding  to  equation  (1)  of  Art.  13, 

A-B=x2-t\     A  =  2z(t-x)  +  2t2  +  2x2. 
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Since  i  is  the  variable  not  present  in  (A  -  B),  and  since  z2  does  not  occur 
in  J,  Pre  take   see  equation  (2),  Art.  7) 

z'  =  :  +  t  +  .>\     t'  =  t-x, 
giving  A-B=-t'(t'  +  2x),     .-1=2,-7' +  4./--, 

as  in  equation  (3)  Art.  13. 

Since  .'-'  is  not  present  in  (A  -B\  we  write  x'  =  2x  +  f,  and  then 

A-B=  -x't',     A=t' (22' -  2x'  +  t') +.>'-. 
Thus  the  reduced  forms  are  given  by 

A-B-tf,    4— .ft+f, 
where  £  =  2z'  -  2x'  +  t'  =  -  x + y  +  f, 

v=  -t'=     x-y  +  z, 

fss  of  =  x+y  —  z. 

Looking  at  this  example  geometrically  we  observe  that  the  intersection  of 
the  pair  of  lines  A  -B  =  0  is  the  point  (0,  1,  1);  and  the  polar  of  this  point 
with  respect  to  the  conies  is  the  line  -x+y-z  =  0  or  rj  =  0.  The  line  77  =  0  is 
then  found  to  be  one  of  the  pair  A-B  =  0,  and  so  we  take  the  other  line 
-x-y+z=0  as  £=0. 

Example  3.  As  exercises  for  reduction,  the  reader  may  take  the 
following : — 

(i)      A  =  3x2  +  9y2  +  Ayz  -  2zx  -  6xy,  B  =  bx2  +  8y2  -  2z2  -  6zx  -  \Axy, 

(ii)     A  =  bx2  +  3y2  +  2z2  +  4yz  -  2zx  +  2xy, 

B--=9x2  -  3y2 -  Az2  -  8yz -  lOtx -  &ry, 

(iii)     A=bx2-by2+z2+6yz+10zx  —  Axy, 

B  =  10x2  +  2y2+\0z2-  10yz  +  24zx-16xy. 

The  invariant-factors  of  \\A  —  B\  are  respectively 

(i)     (A-l)(X-2)(A-3),       (ii)     (\-l)(X-5)(X  +  9),       (iii)     (X-l)*(X-2). 

The  reduced  form  of  (i)  may  be  found  in  Salmon's  Conic  Sections  (Art. 
381,  Ex.  5);   and  that  of  (ii)  in  Fiedler's  translation  (Art.  371,  B.  1). 

17.     Reduction  of  two  quadratic  forms  in  four  variables. 

We  shall  here  again  introduce  geometrical  explanations  to  illustrate 
the  algebra,  which  is  very  similar  to  the  work  for  three  variables  in 
Ait.  1:;.  The  variables  ./,,  ./■■«  a%,  ./■»  will  be  taken  as  homogeneous 
coordinate-  in  space,  so  that  the  equations  A  =  0,  /S^O  represent  two 
quadric  Burfac 

Let  (X-  <■ ,  be  ;i  factor  of  the  determinant  \\A  - B\,  then  (cA  -B) 
depends  on  three  independent  variables  a1  most;  choose  the  variables 
/ .,  #4,  so  that  ./-,  does  ii"'  occur  in  (cA  -  B). 
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§  1.    First  suppose  that  (cA  -B)  contains  three  variables  x2,  x3,  x4 ; 
then,  if  x?  is  present  in  A  we  transform  by  method  (i)  of  Art.  7  and  so 

obtain 

A=y?lau  +  g(x2,  x3,  x4),      cA-B=f(x2,  «?„  x4) (1), 

where  yx  =  auxx  +  a12x2  +  al3x3  +  aux4. 

The  reduction  can  now  be  completed  by  treating  /and  g  according  to 
the  process  of  Art.  13.  In  this  case  the  determinant  |  kA  -  B  |  has  the 
invariant-factor  (A.  -  c),  in  addition  to  those  of  \(^-c)g  +f\.  There 
are  thus  six  ordinary  cases  and  one  singular  case.  Geometrically 
speaking,  we  find  first  a  cone  cA  -B  =  0  with  its  vertex  at  P,  say ; 
then  if  P  is  not  on  the  quadric  A  =  0,  the  polar  plane  ta  of  P  (which 
is  the  same  for  all  the  quadrics  XA  —  B  =  0)  does  not  pass  through  P. 
Thus  P  and  m  may  be  taken  as  a  vertex  and  the  opposite  face  of  the 
tetrahedron  of  reference  ;  and  the  reduction  depends  on  that  of  the 
family  of  conies  in  which  -nr  cuts  the  quadrics. 

But  if  x?  is  not  present  in  A}  we  use  Art.  7,  equation  (2)  and 
obtain* 

A  =  2yxy2  +  g  (*?„  ar4) 

where  <h%y%  -  oi^x2  +  alzxz  +  aux4 

and  yx  is  a  linear  function  of  xu  x2i  x3,  x4.     Substitute  now 

x2  =  y2  -  (a13x3  +  aux4)faX2 

in  (cA  -  E)  and  we  obtain  say  h(y2,  x3,  x4)  ;  to  this  we  must  apply 
method  (iii)  or  (iv)  of  Art.  7,  keeping  y2  unaltered. 

If  h(0,  x3,  x4)  is  not  a  square,  equation  (3)  of  Art.  7  applies!,  and 
we  get 

cA-B  =  ky22  +  h  (0,y3,y4\ 

where  (y3-x3)  and  (y4  —  x4)  are  simply  multiples  of  y2.  Substitute 
in  A  for  x3,  x4  in  terms  of  y2 ,  y3,  y4  and  then 

g  (>3,  #0  =  g  (3/3,  yd  +  2#2  F 
where  Fis  a  linear  function  of  y2 ,  y3,  y4. 
Thus,  if  zx  =  y\  +  Y,  we  have 

A=2z1y2  +  g(y3,y4),     cA  -B  =  ky22  +  k  (0,  y3,  i/4)......(2), 

and  the  reduction  is  now  completed  by  applying  Arts.  2,  3.  There  are 
three  cases  in  all  and  \\A-B\  has  the  invariant-factor  (A. - c)2  as  well 
as  those  of  \(\-c)g  +  h\.     From  the  geometrical  point  of  view  the 

*  We  assume  that  al2  is  not  zero ;  compare  note  on  p.  32. 

+  Note  that  method  (iii)  is  here  quite  different  from  method  (i);  this  is  one  point 
of  difference  between  the  work  for  three  and  for  four  variables. 


42  A   FAMILY   OF  QUADRATIC   FORMS  [CH.   Ill 

present  cast1  is  distinguished  by  the  fact  that  P,  the  vortex  of  the  cone 
I  />'  0,  is  on  the  quadrie  A  =0,  so  that  the  polar  plane  w  reduces 
to  tlie  common  tangent-plane  of  the  quadrics  at  P  ;  and  further  the 
plane  w  <h>t<s  not  touch  the  cone  cA—B  —  0,  In  the  analysis  m  is 
taken  as  y,  =  0 ;  and  then  the  polar  line  (7)  of  w  with  respect  to  the 
cone  is  taken  as  the  edge  y3  -  0,  y4  =  0.  The  line  /  cuts  the  quadric 
.4=0  again  in  Q,  and  the  tangent-plane  at  Q  is  Zi=0;  the  final  deter- 
mination of  the  tetrahedron  is  given  by  the  involution  intercepted  on 
the  line  z\  =  0,  y2  =  0,  by  the  system  of  quadrics. 

When  h  (0,  fl?„  x4)  is  a  square,  we  can  apply  equation  (4)  of  Art.  7 : 
but  in  practical  work  it  saves  trouble  to  proceed  on  slightly  different 
lines.  Suppose  that  the  square  is  ly*%  say,  where  y4  is  linear  in  x% 
and  ,i\  ;    thus  we  can  write,  using  y4  in  place  of  a?4l 

A  =  2yxy2  +  gx  (ars,  y4),     cA  -  B  =  2^{  +  ly42 (3,), 

where  £  is  linear  in  y.,,  w3,  y4. 

Consider  now  gx,  this  form  will  be  expressible  in  one  of  the  two  types 
either  gy  03,  y4)  =  hy?  +  l\y4)  /«v 

or  9\(&%,yd-%tl*y*  ) 

according  as  yx  is  not  or  is  a  factor  of  gx ;  in  both  cases  y3  is  linear  in 
x  and  y4.     Thus  we  find,  on  introducing  y3  instead  of  .r3, 

cA  -  B  =  2y2(ay2  +  /fy3  +  yy4)  +  ly?, 
where  a,  /?,  y  are  constant  coefficients.     Thus 

cA-B  =  2y2z3  +  lz42 (33), 

if  z3  =  Pya  +  (a  -  £72//)  3/2,     z4  =  y4  +  (y/l) y2. 

Now  (3  is  not  zero,  since  we  suppose  that  (cA  -  B)  contains  three 
independent  variables  :  thus  we  may  substitute  z:i,  z4  instead  of  y3,  y4 
in  the  form  A.  It  is  then  obvious  from  (32)  that  gx(x3)  y4)  takes  one 
of  the  two  shapes 

either  gx  (x3 ,  y4)  =  (hip?)  z32  +  k4z42  +  2y2  Y I 

or  ft(*,*)  =  Wj8)**4  +  2ytF  J :"W' 

where,  in  each  case,  Y  is  linear  in  y2,  y3,  y4.  Thus,  by  writing  zx  in 
place  of  (y,  +  F ),  it  is  plain  from  (8i),  (33)  and  (34),  that  we  have 

either  .  I      2zxy2  +  k3z3  +  k4z42,    cA-B  =  2y2z3  +  lz4 (42), 

or  A  =  2zxy,  +  2z:iz4 ,  cA  -  B  =  2y2z3  +  l'z4 (42), 

where  in  (42)  we  have  put  z4  in  place  of  z4//3.  The  family  (4,)  has  the 
two  invariant-factors  (A  -  c)s,  (\-c)k4  +  l;  while  (42)  has  the  single 
invariant- factor  (A-c)\ 
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In  the  two  cases  just  examined,  the  plane  ra-  (y2  =  0)  touches  the 
cone  cA  —  B  =  Q  along  a  generator  l(y2  =  0,  y4  =  0)  :  and  the  distinction 
between  (4a)  and  (42)  turns  on  whether  I  is  not  or  is  a  generator*  of  the 
quadric  A  =  0. 

In  the  former  case  take  «asa  line  through  P  which  is  harmoni- 
cally conjugate  to  /  with  respect  to  the  two  generators  at  P ;  in  the 
second  case  take  m  as  the  other  generator  at  P.  Then  I  is  y,  =  0,  zA  =  0 
and  m  is  y2  =  0,  z3  =  0  in  the  analysis.  To  fix  the  planes  of  reference, 
draw  the  second  tangent  plane  to  the  cone  through  the  line  m,  so  as 
to  touch  the  cone  along  a  generator  n.  Then  the  tangent-plane  van  is 
z3  =  0,  and  nl  is  z4  =  0 ;  while  %x  =  0  touches  the  quadric  A  =  0  at  its 
second  intersection  with  the  line  n. 

%  2.  Secondly,  suppose  that  (cA  -  B)  contains  only  the  two  variables 
x3,  a?4j  so  that  (A-c)  is  a  factor  of  every  first  minor  of  \XA-B\ 
(Art.  5);  and  then  the  terms  independent  of  x3,  x4  in  A  can  be 
transformed  to  the  shape  ax*  +  b%%  by  Art.  8  ;  where  of  course  one 
or  both  of  a,  b  may  be  zero. 

If  neither  a  nor  b  is  zero,  we  can  introduce  new  variables  yu  y.2  (by 
method  (i)  of  Art.  7)  to  absorb  all  such  products  as  xxxz,  x2x3,  ... 
in  A  ;   and  then  we  arrive  at  the  forms 

cA-B=f(x.J}  a?4),     A  =&*/<*  + iff  lb +  gfet  x4) (5), 

and  the  further  reduction  depends  on  that  of  /  and  g  (by  Arts.  2,  3). 
There  are  thus  three  cases,  and  each  of  them  has  the  two  invariant- 
factors  (A.-c),  (k— c),  in  addition  to  the  invariant-factors  given  by 
the  determinant  j  (X  —  c)  g  +f\. 

In  the  geometrical  interpretation,  the  equation  cA-B  =  0  now 
represents  a  pair  of  planes :  let  their  line  of  intersection  be  denoted  by 
/  (which  of  course  is  the  line  xs  =  0,  x4  =  0  of  the  analysis).  The  three 
cases  just  settled  arise  when  /  is  neither  a  tangent  nor  a  generator  of 
^4=0;  then  take  m,  the  polar  line  of  /  with  respect  to  A  =  0,  and  this 
is  the  line  xx  =  0,  x2  =  0.  The  remainder  of  the  discussion  depends  on 
the  involution  intercepted  on  m  by  the  family  of  quadrics  kA  -  B  =  0; 
but  the  determination  of  the  planes  yx  -  0,  y2  =  0  is  not  unique,  as  they 
may  be  any  two  planes  through  m  which  are  conjugate  with  respect 
to  A=0. 

Next  suppose  that  b  is  zero,  a  being  different  from  zero ;  then  by 
applying  method  (i)  of  Art.  7  to  xx  and  method  (ii)  to  x2,  we  find 

A  =  y?ja  +  2y.2y3  +  kx?,     cA-B  =/,  (y3,  x4) (6). 

*  It  is  always  a  tangent  to  the  quadric,  because  m  is  the  tangent  plane  at  P. 
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The  rest  of  the  work  is  the  same  as  that  of  Art.  13,  equations  (3) — (5); 
and  there  are  two  eases  according  as  a?4a  is  or  is  not  present  in /J  (j/3,  a?4). 
In  the  former  ease,  the  invariant-factors  of  \KA  B\  are  (A-c)2,  (A  — c) 
and  a  linear  invariant  factor :  in  the  latter  they  are  (A  —  c)8  and  (A  —  c). 

Prom  the  geometrical  point  of  view  Mc  ffne  /  is  here  a  tangent  to 
the  quadfie  A—0  and  so  also  is  its  polar  line  m ;  and  the  line  m  is  now 
taken  as  i/t  0,  ya  0,  the  plane  y,  0  being  the  tangent  plane  few. 
The  plane  //,  0  may  be  any  plane  through  m  (of  course  not  coincident 
with  lm)\  and  the  rest  of  the  work  reduces  to  considering  the  sections 
of  the  quadrics  by  ?/i  =  0.  The  further  subdivision  simply  turns  on 
whether  Im  happens  to  be  one  of  the  two  planes  cA-B  =  0  or  not. 

In  the  third  place  if  a,  b  are  both  zero  we  can  first  choose  the 
variables  x:i,  ,r4  so  that 

cA-B  =  kx£  +  lay (7X), 

and  then  ^1  at  once  takes  the  form 

^  =  2^3  +  2^4 (72). 

Thus    XA-B\  has  the  invariant-factors  (A-c)2,  (A-c)'2. 

Here  I  is  a  generator  of  the  quadric  and  we  take  x3  =  0,  xA  =  0  as 
two  planes  harmonically  conjugate  with  lespect  to  the  two  planes 
cA  -  B  =  0.  These  planes  xs  =  0,  x4  =  0  cut  ^4=0  in  two  more 
generators,  and  #i-0,  y%  =  0  are  any  other  tangent-planes  of  the 
quadric  through  these  two  generators. 

\  3.  Thirdly,  (cA  -  B)  may  contain  only  one  variable  a?4,  so  that 
(A-c)  is  a  factor  of  every  second  minor  of  \\A—B\.  Write  then 
(A  B=lx?  and  let  the  terms  of  A  which  do  not  contain  xA  be 
reduced  to  the  form 

aiayf  +  a*x} :,  +  a%x% 

by  Art.  s.  Then,  if  <ix,  a«,  a%  are  different  from  zero,  we  can  apply 
method  (i)  of  Ait.  7  to  each  of  the  variables  xlf  x2,  x3,  and  so  obtain 

A  =  y?\ax  +  y%l<h  +  y$/(H  +  fa^i     cA—B=  lx} (8). 

The  invariant-factors  are  then  (A-c),  (A-c),  (A-c)  and  /-(A-c)  +  /. 
But  /'/''/  ft  :</'/.  ire  gel  (by  applying  method  (ii)  of  Art.  7  to  a?s) 

^4  =  y?\(*\  +  ytV^  +  2.7/:t  -r4 1    cJ  -  B  =  W (9  )> 

and  then  the  invariant-factors  are 

(A-#     (A-c),     (A-c). 
Jt  might  be  thought  that  two  ofai,  #2,  «3  could  be  zero;  but  if  this 
happens,  the  family  (\A      B)  contains  only  three  variables,  and  so  does 
not  belong  to  the  present  discussion. 
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In  the  geometrical  representation,  cA  -  B  =  0  now  represents  two 
coincident  planes;  and  the  distinction  between  the  two  cases  depends 
on  whether  this  plane  does  not  or  does  touch  the  quadric  ^4=0. 

§  4.  No  special  discussion  arises  if  (cA  -  B)  is  identically  zero ; 
A  can  then  be  reduced  by  Art.  8  and  B  is  automatically  reduced  at 
the  same  time. 

§  5.  In  dealing  with  the  singular  case  we  observe  that,  since 
\A |  =  0,  and  \B\  =  0  we  can  choose  the  variables  so  that  xx  does  not 
occur  in   B,  nor  x4  in  A. 

If  a*  is  present  in  A  we  can  apply  method  (i)  of  Art.  7,  so  that 
we  write 

A  =  y,2/a  +f(x2>  ok),     B  =  g(fr,  x3,  x4). 

Then,  since  \XA—B\  is  identically  zero,  we  must  have  \Xf-g\  identi- 
cally zero,  and  so  (by  Art.  13,  §  4)  the  variables  can  be  chosen  so  that 

/  (x2 ,  x3)  =  2y2y3 ,     g  (x2 ,  x3 ,  x4)  =  2yty4 . 

Hence  A=yfja  +  2y,y3,     B  =  2y3y4 (10). 

A  similar  method  applies  if  x42  is  present  in  B;  so  we  shall  now 
suppose  neither  x*  nor  x?  to  be  present  in  XA  -  B.  If  we  apply 
method  (ii)  of  Art.  7  to  A ,  we  obtain 

.4  =  2y1y2  +  kxz\     B  =  g  (y2,  x3,  x4). 

Now  if  2m,  is  the  coefficient  of  x3x4  in  g,  it  will  be  seen  that 

\\A-B\  =  X2m2, 

which  can  only  vanish  identically  if  m  =  0.  Then  g  contains  only  x3 
and  terms  divisible  by  y2 ;  thus  we  can  introduce  y4  so  that 

A  =2y1y2  +  kx32,     B  =  2y2y4  +  lx£ (11). 

This  completes  the  reduction  :  \XA  —  B\  has  the  one  invariant-factor 
(Xk-l). 

It  is  not  easy  to  obtain  an  entirely  satisfactory  discussion  of  the 
singular  case  on  geometrical  lines.  But  it  may  be  observed  that  we 
have  already  discussed  all  forms  of  the  intersection  of  two  cones  except 
when  the  curve  consists  of  two  coincident  generators  and  a  plane  conic. 
Here  the  cones  touch  along  a  common  generator,  and  it  is  easy  to  see 
that  this  gives  the  geometrical  interpretation  of  the  reduced  forms  (10) 
or  (11).     Hence  we  may  state  the  result : — 

If  the  family  {XA  -  B)  consists  solely  of  cones  (not  having  a  common 
vertex),  their  vertices  lie  along  a  straight  line,  which  is  a  common 
generator  of  all  the  cones;  and  the  cones  have  a  common  tangent- 
plane  along  this  generator. 
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18.     Table  shewing  the  reduced  forms  in  four  variables. 


Charac- 
teristic 


[1111] 


[(H)  11] 


[(H)  (11)] 


[(Hl)l] 


[(Hll)] 


[211] 


[(21)  1] 


[2(H)] 


[(211)] 


Reduced  forms 


.1  =/•,./•,-  +  /•.,/•._,- 

As   in   the   previous 
case,  with  c2  =  ci 


As  in  the  first  case, 
with  6'2  =  Ci,  c4  =  c3 


As  in  the  first  case, 
with  c^  =  c2  =  Ci 


As  in  the  first  case, 

With  C4  =  C3  =  C2  =  C! 
-f^43 

5  =  2c1.r1^2  +  ^i'i2 

+  £3<WJ+V4#42 

As   in   the   previous 
case,  with  c3  =  Ci 


As  in  the  sixth  case, 
with  Ci=c3 


As  in  the  sixth  case, 

With    C4  =  6*;<  =  '', 


Geometrical  form  of  the  curve  of 

intersection  of  the  quadrics 

\A-li  =  0 


A   general    twisted    quartic    of 
the  first  species 


Two  conies  intersecting  in  two 
distinct  points  P,  Q  (not 
necessarily  real  points)  :  the 
quadrics  touch  at  P,  Q 

Four  generators  intersecting  in 
four  points,  at  which  the 
quadrics  touch 

A  single  conic  counted  twice  : 
the  quadrics  touch  all  along 
the  conic  (ring-contact) 


No  proper  intersection 
quadrics  coincide 


all  the 


A  nodal  quartic  :  all  the  quad- 
rics touch  at  the  node 


Two  conies  which  touch :  all 
the  quadrics  have  stationary 
contact  at  the  point  of  con- 
tact 

A  conic  and  two  generators, 
intersecting  in  three  points, 
at  which  the  quadrics  touch 

Two  generators  counted  twice  : 
the  quadrics  touch  all  along 
the  generators 


*  This  column  gives  the  number  attached  to  the  corresponding  case  in  the  list 
made  by  Lindemann  in  his  edition  of  ClebsclTs  Vorlesttngen  Uber  GeometrU,  Bd.  2, 
pp.  215 — 237.  It  will  he  observed  that  LinuYmann  takes  first  all  the  cases  in 
which  no  root  of  \\A-B\is  also  a  root  of  all  the  first  minors ;  that  is,  the  cases 
without  round  brackets.  He  takes  next  those  in  which  there  are  common  roots 
of  all  the  first  minors,  but  not  of  the  second  minors;  and  so  on.  Sylvester 
adopts  the  same  order  in  his  paper  (quoted  on  p.  27),  except  that  0  and  10  are 
interchanged. 
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Charac- 
teristic 

Reduced  forms 

Geometrical  form  of  the  curve  of 

intersection  of  the  quadrics 

\A-B  =  0 

Clebsch's 
number* 

[22] 

[(22)] 
[31] 

[(31)] 

[4] 
[{3}  1] 

A  =  2*'1^2  +  2*-3^4 
B  =  2clx1.v2  +  h-vi2 

-f  2c3^3^4-f^32 

As  in  the  last  case, 
with  c3  —  Ci 

A  =  20y\X2  +  ^*3^32 

5  =  C1(2^1^2  +  ^32) 
-\-cJc^X^  +  2#2#3 

As  in  the  last  case, 
with  c<l  =  Ci 

A  =  2.^x^2  +  2^3^4 

B = 2c1#1.r2  4-  2c!.r3X4 

+  2.^2^3  +  ^4#42 

A  =  2X\Xt  +  k±x^ 
B  —  2^'2^3  +  k^X^ 

A  generator  and  a  twisted  cubic  : 
the  generator  outs  the  cubic 
in    two    distinct    points,    at 
which  the  quadrics  touch 

Three  generators,  one  counted 
twice  :    this  generator  inter- 
sects each  of  the  other  two 

A  cuspidal  quartic;  the  quad- 
rics have  stationary  contact 
at  the  cusp 

Two    generators    and    a    conic 
which  touches  the  plane  of 
the  generators  at  their  inter- 
section 

A  generator  and  a  twisted  cubic : 
the    generator    touches    the 
cubic 

A  generator  counted  twice  and 
a  conic.     This  is  the  singular 
case 

4 

11 
3 

10 

5 

14 

For  the  theory  of  twisted  quartics,  the  reader  may  consult  Salmon's 
Geometry  of  Three  Dimensions  (Arts.  347 — 351);  it  is  there  proved 
that  there  are  two  species: — Those  which  are  the  intersection  of  two 
quadrics  and  those  through  which  only  one  quadric  can  passf. 

On  a  quartic  of  type  [1111],  the  coordinates  are  not  rational  but 
require  elliptic  functions  for  their  expression.  To  see  this,  consider 
equation  (1)  of  Art.  17  and  let  a  generator  be  found  common  to  the 
two  cones  /=  0,  g  =  0 ;  take  y4  as  the  tangent-plane  to  /  along  this 
generator  and  y3  as  another  plane  through  the  generator.  The 
equations  to  the  quartic  can  then  be  written 

y*y* = y?>    y?  =  h  (tf% ,  y-i ,  yd, 

*  See  note  on  p.  46. 

t  On  a  quartic  of  the  second  species  the  coordinates  are  rational ;  thus  we  may 
choose  the  coordinates  so  that  (I.e.  Arts.  349,  351) 
either  x1  =  t4  +  a,     x2  =  t3  +  b,     xs=t*  +  c,     x^t  +  d, 

or  x1  =  ti  +  at2,     x2  =  ts,     x3  =  t,     x4  =  l. 

For  other  theorems,  see  a  paper  by  Forsyth,  Quarterly  Journal  of  Mathematics, 
vol.  xxvii,  1895,  p.  247. 
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where  h  does  not  contain  i/.r,  but  must  contain  //o//;{,  because  the  two 
cones  /  g  cannot  have  a  common  tangent-plane  ?/4  along  their  common 
generator.     Thus  on  the  quart ic  we  may  write 

?h  =  t-,    yt=tt    y4=l,    y*  =  F(t),  •'  cubic  in  t 

By  writing  8  =  at  +  b,  we  can  find  a  and  b  so  that  the  cubic  F(t) 
reduces  to  Weierstrass's  type  (4&-g*-gt).  Then  on  the  quartic 
we  liave 

//.  =  &>'«,     Zt     fPu,     z3  =  pw,    y,  -  1, 

wliere  "'7/,.  +  2o6ya  +  Ay43,     z3  =  ayz  +  6y4 . 

To  illustrate,  take  the  reduced  forms  given  in  the  table ;  then  if  we  write 

<U  -  fa  -  Cs)  fa  -  C4),      f  =  Xi  [ky  fk4  fa  -  c3)]4, 

with  symmetrical  values  for  a2,  n3  and  £2,  £31  the  quartic  satisfies 

«i£i2  +  a&  +  «3£32  =  0,     fa  -  c,)  &»  +  fa  -  c, )  &«  +  fa  -  c2)  tf  +  atf  =  0, 

xA  taking  the  place  of  yx  in  the  foregoing  explanation.  The  common  gene- 
rators are  given  by  ^2  =  £22  =  £32 ;  and  the  tangent- plane  to  the  first  cone  along 
the  line  £!=£,■» £3,  is 

Th us  we  write       t  -  [/3  (ft  -  ft)  +  y  (£2  -  £3)]/(«i£i  +  <4&  +  «3&), 
and  then  the  values  of  t  corresponding  to  a-4  =  0  (or  to  ft*=ftfasft*)  are  seen 
to  be  *=oo,  /3/al5  y/a2,  -(/3  +  y)/«3-     Hence,  to  make  the  sum  of  the  finite 
roots  of  t  equal  to  zero,  we  take 

/3  =  ai(a2-a3),       y  =  n2(a3- c^),      -  (/3  +  y)  =  a3  fa  -  a2). 
It  will  then  be  found,  after  some  algebra,  that  we  can  write 
&=[*-  (n2  -  a3)]2  +  9a2a3,  etc. 
ar42=12/J[i5-(a2-a3)]^-(«3-a1)][<-(«i-«2)], 
where  P  =  -  fan,  +  0^  +  tfcos)  =  (c2  -  <?3)  fa  -  <>i )  fa  -  <*)• 

Hence,  finally,  if  t  =  f)ipu,  a2-a3  =  pel,  etc.,  we  get 

XxV  ph  ~|*  (<?u  -  e,)2  -  fa  -  e2)  fa  -  e3)  ^ 

#4        |_3*1  (C3  "  <-\ )  fa  ~  C2)\  fu 

An  alternative  method  is  given  by  Bumside  {Messenger  of  Mathematics^ 
vol.  xxm,  1894,  p.  89). 

In  contrast  to  this,  the  quartics  of  types  [211]  and  [81]  can  be 
expressed  rationally.  We  leave  the  following  statements  to  the  reader 
as  easy  exercises  in  reduction: — 

On  the  nodal  quartic  [21 1],  we  can  write 

$!  =  ?  +  a,    y%  =  f,    y,     / ,     y4  =  t. 
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On  the  cuspidal  quart ic  [31],  we  can  write 

#  =  **,     y*  =  t\     y3  =  t,     y4=l. 

On  the  twisted  cubic,  [22]  or  [4],  we  can  write 

#  =  *•,    y*  =  t\   y3  =  t,   3/4  =  1- 

19.     Examples  of  reduction  in  four  variables. 
Example  1.     T'yjoe  [4], 
Let  us  take  the  two  forms  given  by 

A  =  -  x22  +  #32  -  #42  -  #s#i  4-  *i*a + #i#4 , 

A+B  =  \x<?  -  Ja'32  -  J^42  -  £#2#3  -  2#2#4  +  f#3#4  > 

for  which  |X^-2?|  has  the  invariant  factor  (X  +  l)4.  Since  A+B  contains 
only  a?2i  xz>  x\->  the  preliminary  steps  have  been  avoided;  then,  since  x?  is 
not  present  in  A,  we  use  equation  (2)  of  Art.  7  and  obtain 

A = 2y,  y2  +  2#3#4  -  2^42,     ^  +  ^ = y2  (3y  2  +  2#3  -  4»4)  +  #42, 
where  yi=#i-#2-#3+#4>   2y2=#2~#3  +  #4- 

It  is  plain  that  the  forms  are  already  reduced  to  the  type  (3X)  of  Art.  17, 
x±  taking  the  place  of  y4.  Now  here  x^  is  a  factor  of  A,  when  3/2  =  0  ;  so  we 
write  3/3  =  ^3  —  #4,  and  then 

A  =2^3/2+2^4,    4  +  £=y2(3y2+2?/3-  2*4) +#42. 
It  is  now  easy  to  reduce  (A  +  5)  to  the  type  (33)  of  Art.  17,  thus 
A  +  B  =  2y22  +  2y2  ?/3  +  (x'i  -  y2)2  =  2y2z3  +y42, 
if  23=3/2+3/3,    3/4  =  ^4-3/2. 

Then  ^  =  2^y2  + 2  (03-3/2)  (y4+y2)  =  2^y2  +  2^4, 

where  £1=3/1-3/2  +  23-3/4- 

We  have  thus  completed  the  reduction.     It  will  be  seen  that 
Z\  =  xx-\x2-\xz-\x^ 

3/2=  £#2-i#3  +  i#4> 

*3  =  i#2  +  i#3-i#4! 

3/4=        -£#2  +  i#3  +  i#4, 

is  the  reducing  substitution. 

In  the  geometrical  interpretation  the  vertex  (1, 0,  0, 0)  of  the  cone  A  +B=0 
lies  on  the  quadric  A=0;  and  the  tangent-plane  to  the  quadric  at  this  point 
is  #2 -#3+ #4=0?  or  3^2=0  in  the  notation  above.  On  considering  the  cone  it 
is  found  that  3/2=0  touches  the  cone  along  the  generator  3/2  =  0,  #4=0,  and 
further  that  this  generator  is  a  generator  of  the  quadric.  Thus  we  are  to 
take,  as  two  edges  of  the  tetrahedron,  the  two  generators  of  the  quadric  in 
the  plane  ^2  =  0;   namely  3/2  =  0,  #4  =  0  and  #2  =  0,  x3  —  xi=0. 

It  is  easily  found  that  the  second  tangent-plane  to  the  cone  (drawn  from 
the  second  of  these  generators)  is  3/2 + #3  —  #4  =  0,  or  z3  =  0.  And  the  polar 
plane  of  the  line  3/2  =  0,  x3  —  #4  =  0,  with  respect  to  the  cone,  is  found  to  be 
-x2  +  x3+xi=0i  or  3/4  =  0. 

B.  4 
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The  three  planes  j/2=0,  %"*0,  ;/4  =  0  form  three  faces  of  the  tetrahedron  ; 
to  get  the  fourth  face,  consider  the  second  intersection  of  the  line  ^3  =  0,y4  =  0, 
with  the  quadric;  this  point  is  easily  found  to  be  (1,  1,  0,  1),  and  the  tangent- 
plane  there  is  2xx  —  x2  -  x3  -  #4 = 0,  or  zx  =  0. 

We  have  thus  completely  determined  the  final  tetrahedron  of  reference. 

Example  2.     Type  [(22)].  , 

Let  us  take  the  family  of  forms  defined  by 

A  =  -  x22  4-  #32  —  X42  —  #3#i  +  xxx2  +  .r , . 1  • , , 
A  -  B = (xi  -  xA)  (dfj  -  x2  -  x3\ 
which  give  the  invariant-factors  (X  -  l)2,  (X  -  l)2. 

Here  write  £3  =  x3 + x2  -  x x ,     £4  =  x±  -  xx , 

and  we  have,  on  substitution  for  x3,  xiy 

Since  A  is  zero  when  £3  =  0,  £4  =  0,  we  transform  (A  —  B)  as  in  §  2  equation 
(7x)  of  Art.  17,  writing 

tt-i  (&+&).  .*-*(&-&) 

so  that  A  -  B=y3*-yi%     A  =  4y3yi-2x2 (y3+y4)  +  2ff,y4. 

Thus,  with  yx  =  2y4  -  .r2 ,    y2 = xx  -  x2 , 

we  get  ^  -  B=y32-y^,     A=2yly3  +  2y2yi. 

Of  course  this  reduction  is  not  unique,  for  we  might  take  in  the  first  place 

#■  =  4  («&  +  &&),   y^l  («&-&&), 

where  a,  6  may  have  any  values;  and  secondly,  in  transforming  A  the  term 
y3y±  may  be  distributed  arbitrarily  between  y\y$+y2y\. 

In  the  geometrical  representation  the  line  of  intersection  of  the  planes 
A-  B  =  0  is  a  generator  of  the  quadric  .4=0;  and  the  planes  y3  =  0,  y4=0  are 
any  two  planes  through  the  generator  which  are  harmonically  conjugate  with 
respect  to  the  planes  A  -  B=0.  These  two  planes  cut  the  surface  in  three 
generators  ;  and  to  complete  the  tetrahedron  of  reference,  any  generator  may 
be  taken  of  the  system  to  which  the  line  y3  =  0,  #4  =  0  belongs. 

20.     General  method  of  reduction :  n  variables. 

As  before  let  \  =  c  be  one  root  of  the  determinantal  equation 
I  \A  -B  |  =  0,  then  the  variables  xu  x2,  ••• ,  #»  can  be  so  chosen  that 
(cA  -  B)  is  independent  of  at  least  one  variable,  say  xx  (see  Art.  5). 
We  have  then 

cA-B=f(x2,  x3,  ...,#„),    A=g{xux2y  ...,#„) (1). 

Ifalu  the  coefficient  of  xx  in  A,  does  not  vanish,  by  method  (i)  of 
Art.  7,  we  may  write 

A  =JfiV0u  +  h(x2,  x3)  ...,«•) 
where  yx  =  anxx  +  a12x2  +  . . .  +  alnxn. 
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Thus 

\A  -  B  =  (a  -  c)  yfjon  +  [(a  -  c)  h  (#a, ... ,  xn)  +f(x2,  . . . ,  xn)] . .  .(2), 
and  so  the  reduction  of  (A  A  -  B)  depends  on  that  of  [(k-c)k  +/] 
which  contains  only  (^-1)  variables.     We  note  that  here  the  deter- 
minant |  \A  —  B  |  has  an  invariant-factor  (A  -  c)  in  addition  to  those 
of  the  determinant  |  (A  —  c)  h  +f\ . 

In  this  way  we  proceed,  step-by-step,  until  we  arrive  at  a  pair  of 
forms  containing  only  four  variables,  to  which  the  results  of  the  previous 
articles  are  at  once  applicable.  Of  course  it  may  happen  that  at  some 
stage  in  the  process,  the  coefficient  which  corresponds  to  an  in  the 
above  work  is  zero  ;  and  then  the  following  methods  will  be  used. 

If  Xx  does  not  appear  in  A,  we  apply  method  (ii)  of  Art  7,  and 
then,  assuming  that  xxx2  appears  in  A,  we  find 

A  =  2^7/2  +  k1(x3,x4,  ...,xn) (3), 

where  yx  is  a  linear  function  of  *v,  x.2,  ■■• ,  xn  and  y2  of  x2,  x3,  ...,  a?„. 
Substituting  in  (cA  -  B)  for  x2  in  terms  of  y2,  x3,  x4,  ...,  xn,  we  have 

CA.  —  lJ=Ji  (^2)    ^3)   #4»    •••>   %n)' 

Apply  method  (iii)  or  (iv)  of  Art.  7  to  this  form  and  we  shall  have 

either  cA  - B  =  ky22  +.A(0,  y3,  •••,#«) (40, 

or  cA-B  =  2y2y3 +/,((),  0,  #4,  ...,yn) (50- 

In  the  former  case  (y3-x3),  (y4- x4),  •••>  (yn-%n)  are  multiples  of 
y2 ;  and  in  the  latter  y3  is  a  linear  function  of  x3  and  y2 ,  while  the 
differences  (y4  -  x4),  . . . ,  (yn  -  xn)  are  linear  combinations  of  y2  and  y3. 

Taking  first  equation  (4X)  we  substitute  in  A,  y3,  ...,  yn  instead  of 
x3)  ...,  xn  and  then 

A  =  2yxy2  +  h,(y3,  y4,  . . . ,  y„)  +  y2 Y, 
where  F  is  a  linear  function  of  y2,  y3,  .. . ,  yw.     So  we  put  zx  -yx  +  J  Y 
and  obtain  4  =  2**  +  4  (ft,  y4,  ...,  ytt), 

so  that  AJ.  -  B  =  2  (A  -  c)  zxy2  +  ky22  +  [(A  -  c)  hx  +/J (42). 

The  form  (A  -  c)  ^  +/j  depends  on  (n  -  2)  variables  only,  and  we 
can  start  again  to  reduce  this  form.  Here  \XA-B\  has  an  invariant- 
factor  (A  —  c)2  as  well  as  those  of  the  determinant  |  (A  -  c)  hx  +fx  | . 

Turning  next  to  equation  (50  we  are  left  with 

A  =  2z,y2  +  hx  (y3,  y4,  . . . ,  yn)\  (f.  , 

cA-B  =  2y2y3+Myi}...,yn)      ] W* 

Since  hx  contains  one  more  variable  than  f2 ,  the  methods  given  for 

4-2 


52  A   FAMILY    OF   QUADRATIC    FORMS  [CH.  Ill 

reducing  /  and  g  in  equation  (1)  can  be  repeated,  to  reduce  Jh  and  f2. 
This  reduction  will  change  y3,  yi}  ...,  yn,  but  the  only  change  which 
concerns  us  at  present  is  that  of  //,  ;  thus,  suppose  that  ?/3  =  £3  +  o-, 
where  o-  is  linear  in  y4,  y5,  ...,  yn.     Inserting  this  value  for  y3,  we  find 

cA  -B  =  2yoJ3  +  2y2cr+f2(y4,  ...,yn), 

so  that,  since  the  determinant  of  f2  is  not  zero*  we  may  apply  method 
(iii)  of  Art.  7  to  the  form  2y2a-  +f2  (y4,  ... ,  yn)  and  we  obtain 

cA  - B  =  2y2(£3  +  h/2)  +f2(z4,  ...,  zH)  =  2y2z3+f2(z4,  ...,sw), 
where   (z3-  €3),  (z4-y4),  ...,  (zn-yn)  are  multiples  of  y2.     Then  A 
takes  the  form 

A  =  2z^y2  +  h2  (iSi  y4,  . . . ,  yn)  =  2ziy,  +  h2  (z3 ,  z4 zn)  +  y2<r' , 

where  o-'  will  be  linear  in  y2,  z3,  zAy  ... ,  zn.  Hence,  if  wx  =  zx  +  h<r\  we 
have 

A  =  2wly2  +  h.2{z3,zii  •..!«*), 

C^l  -  #  =  2y2*3  +/2  (*4,   •  •  •  ,  *n). 

In  actual  work,  however,  it  is  usually  better  not  to  apply  method  (iv) 
and  to  avoid  introducing  y3,  y4,  ...,  yn  as  in  equation  (fy).  We  should  start 
from  (3),  and  write  instead  of  (52) 

A^fyifr+hfa,  #4,  ...,  xn\     cA-B  =  2y2£+fl(0ix3,  #4,  ...,  .?;„). ..(53), 
where  (  is  linear  in  y2,  #3>  •  ••>  #n-     We  can  proceed  to  reduce  h  and  /j  (since 
the  determinant  of  the  latter  is  zero)  by  the  methods  used  in  equation  (1) 
above.    To  explain  how  to  complete  the  work,  suppose  that  in  an  example  we 
found 

A=2y1y2  +  2y3yi+ys2+y62,     cA-  B  =  2y2(+2yiy,+y(?, 

where  C=y2+#3+.y4+y5+y6-     We  should  then  write 

zi  =3/4+3^2,    *6=y6+y2,    *6=y6+y2,    z6=y3-£y2, 

which  would  make  cA  -B  =  2y2z3-\-2z4 z5+z62  ;  and  A  =  2zly2  +  2z3zi +z52+z<s\ 
provided  that  zx=yx  +  \y2-  z3  +  \z4-  zb-  z§.  For  examples  of  the  practical 
work,  see  Art.  19,  Ex.  1,  and  Art.  22  ;   and  compare  p.  42  (Sj),  to  (42). 

Thus,  by  continuing  the  process  of  reduction,  we  find  a  succession 
of  reduced  terms  of  the  type 

cA   ~  B  =2%2X3  +  2X4CCs+  ...,)  ""'      * 

where  the  notation  for  the  variables  has  been  changed,  there  being  now 
no  risk  of  confusion.  The  types  of  invariant-factors  will  depend  on 
how  the  sequences  terminate  in  equations  (6);  several  cases  must  be 
examined : — 

*  This  determinant  is  assumed  to  be  different  from  zero,  when  we  apply  method 
(iv)  to  the  reduction  of  (cA  -  B)  in  the  previous  work. 
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First  type. 

A  =  2XXX2  +  2xsX4  +  . . .   +  2#2wi-l#2m  +  ^-2m  +  l  +/  (#2m  +  2)  •••)» 

cA-B=  2x2x3  +  2x4x5  +  . . .  +  2#2ni  «2m+1  +  #  (#2m+2 ,...); 

which  corresponds  to  an  invariant-factor  (A  -  c)2m+1.     The  form  of  the 
determinant  \\A—B\  is  illustrated  by  the  case  with  m  =  2,  £  =  1, 

0,  A-c,        0,  0,  0 

A-c,        0,  1,  0,  0 

0,  1,  0,  A-c,        0 

0,  0,  A-c,        0,  1 

0.  0,  0,  1,  A-c 

This  determinant  is  equal  to  (A  -  cf  and  the  minor  of  the  first  element 
is  equal  to  1,  giving  an  invariant -factor  (A  -  cf. 

Second  type. 

A  —  2XXX2  +  2XSX4  +  ...  +  2#,2m-l#2m  +J  (#2m+l>  •••)> 
CA  —  £>  =  2X2X3  +  JX^Xq  +  . . .  +  KX  2m  ~^~  9  \&2m+l  j  •••)  j 

which  corresponds  to  an  invariant-factor  (A-c)2m.     Here  the  form  of 
the  determinant  is  (with  m  =  2,  k=l) 

0,  A-c,        0,  0 

A-c,        0,  1,  0 

0,  1,  0,  A-c 

0,  0,  A-c,        1 

This  is  equal  to  (A-c)4,  and  the  minor  of  the  first  zero  is  equal  to  - 1, 
giving  the  invariant-factor  (A  -  c)4. 

Third  type. 

A  =2X1X2  +  2X3X4  +  ...  +  2X2m-\%2m       ~*V  \J^2m+l)   •••)> 
C  A  —  Jj  —  2X2X3  +  2X4X5  +  ...  +  2X2m-Z&%m-l  "*"  9  V^2wi+l>  "V  • 

which  corresponds  to  two  invariant-factors  (A  -  c)m,  (A  -  c)m.   Illustrating 
again  by  taking  m  =  2,  we  have  the  determinant 

0,        A-c,        0,  0 

A-c,        0,  1,  0 


0, 
A-c, 


A-c 

0 


which  is  equal  to  (A  -  c)4 ;  while  the  minor  of  the  last  zero  in  the  first 
row  is  (A-c)2  and  one  second  minor  is  1. 
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a  family  of  quadratic  forms 


[ch.  in 


This  type  is  obtained  by  the  addition  of  two  groups  of  the  first  or 
second  types  ;  and  we  can  separate  the  parts  in  the  reduced  forms 
which  correspond  to  the  two  invariant-factors  by  writing 

J'2i/k  =  xk  +  afan-1-*,     \/2i/>n+k  =  xk  -  tffc»+i-*i  (*  =  lj  2,  •  •  • ,  m). 

Then  if  m  is  even  the  reduced  parts  are  given  by  the  table 


A 

cA-B 

(2yiy«+...+fym-iym) 

+  (%m  +  tifm  +  2  +  •  •  •  +  %27«  -  \y-lm) 

(2y2y3 + ... + ym  -  23/m  - 1  +  yJ) 
+ (2y« + 2y«i + 3 + • .  •  +  2y2m  _  2#2m-i  -  y227n) 

When  m  is  odd,  the  table  is 

A 

fc4-£ 

(2yi#2  + . ..  +  2yw  _  2yw  _ ,  +  yj) 
+  (23/m  +  !?«  +  2  +  •  •  •  +  %2m  _  2y2m  _ ,  -  y\n) 

(2y2ys+...+2ym-iym) 
+  (2yw  +  8y„ +8+ ...  +  fys*  _  1y2fn) 

The  reader  will  find  it  instructive  to  verify  these  tables,  say  for 
m  =  2,  3. 

Fourth  type. 

A  =  2tX\X<i  +  ZX3X4  +  ...  +  2X<zm—\X<im  ~*~J  v«^2ni+2>  ■••/> 

B  =  2x.2x3  +  2.r4.r5  +  . . .  +  2x,iax2m+l  +  #  (.r2,„+2,  . . .) ; 

tliis  is  a  so-called  singular  case*  in  which  |  \A  -  i?  |  is  identically  zero 
for  all  values  of  A.     With  m  =  2,  the  determinant  is 


0, 

x, 

0, 

0, 

0 

K 

0, 

-1, 

0, 

0 

0, 

- 1, 

0, 

K 

0 

0, 

0, 

K 

o, 

-1 

o, 

0, 

0, 

-1, 

0 

In  die  first  three  types  the  reduced  groups  are  completely 
determined  by  fche  corresponding  invariant  factor,  so  that  a  knowledge 
of  the  invariant-factor  is  sufficient  to  enable  us  to  write  down  the 
proper  groups  of  terms  in  A,  //;  for  there  corresponds  one  and  only 
one  invariant-factor  to  each  type  of  reduced  forms.     Consequently, 

*  It  will  probably  be  noticed  that  we  Lave  written  B  in  place  of  {cA  -  B).     The 
reason  is  that  as  \B\  is  zero,  the  introduction  of  (cA  -  B)  is  superfluous. 
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when  all  the  invariant-factors  of  |  \A  -  B  |  are  known,  we  can  write 
down  standard  types  to  which  A  and  B  can  be  reduced  by  linear 
substitutions. 

Example.  The  invariant-factors  (X-l)3,  (X-l),  (A  +  l)2,  give  at  once 
the  reduced  types 

A  ==  2#1#2 + ^32  +  h%i2  +  2#6#6 » 

B  =  %XXX%  +  h^  +  2^2^3  +  h#i2  -  2^5^'6  +  ^62- 

The  fact  that  the  reduced  types  depend  only  on  the  invariant- 
factors  shows  that  the  invariant-factors  form  a  complete  set  of  in- 
variants of  the  two  quadratic  forms,  except  when  the  family  is 
singular,  so  that  the  determinant  vanishes  identically  for  all  values 
of  A ;  in  the  singular  case  additional  invariants  are  needed,  which  we 
shall  determine  in  the  following  article. 

If  the  determinant  \B\  is  zero,  no  special  remark  is  called  for  with 
reference  to  the  terms  which  correspond  to  an  invariant-factor  km ;  they 
are  found  by  putting  c  =  0.  For  example,  the  invariant-factor  Xs 
would  give  the  reduced  parts 

in  A,  2#1#2  +  £#32;  in  B,  2%2%3. 
But  if  \A  |  is  zero  there  will  be  infinite  roots  of  \\A  -  B\  =  0,  and  these 
must  be  considered  specially ;  the  simplest  method  is  to  take  |  A  -  ^B  \ 
and  work  out  the  groups  corresponding  to  the  invariant-factors  of  the 
form  i*"\  The  types  of  reduced  parts  may  be  deduced  from  the  fore- 
going by  taking  in  B  the  part  found  above  for  A,  and  in  A  the  part 
found  for  (cA  -  B).  Thus  an  invariant-factor  fx*  would  give  reduced 
parts 

in  A,  2x2x3;    in  B,  2#i#2  +  k%*, 

and  so  on  for  other  cases. 

21.     Determination  of  the  invariants  in  the  singular  case. 

If  both  the  determinants  \A\,  \B\,  are  zero,  it  may  happen  that  the 
determinant  of  the  family  \XA  -  B\  is  identically  zero  for  all  values  of  A. 
In  this  case,  we  shall  have  one  or  more  groups  of  reduced  terms  of  the 

type 

2#! #2  +  2#3#4  +  .  •  •  +  2#2™-i^2m  in  A}  . 

and  2x.2xz  +  2x4&5  +  . ..  +  2ie2mx2m+i  in  B) 

as  in  the  fourth  type  of  the  last  article.  But  we  have  at  present  no 
means  of  finding  either  the  number  of  such  groups  or  the  number  of 
variables  in  each  group  ;  and  we  shall  now  give  rules  for  this  purpose*. 

*  The  recognition  of  the  existence  of  singular  cases  is  due  to  Kronecker,  who 
also  determined  the  suitable  invariants  ;  references  to  his  papers  will  be  given  in 
Art.   38. 
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Since  the  determinant  \KA  -  B\  is  zero,  there  will  be  (according  to 
Aits.  4,  5)  one  or  more  linear  relations  amongst  the  n  first  derivates  of 
(XA-B)  with  respect  to  the  n  variables.  The  coefficients  in  these 
relations  will*  involve  A;  let  as  suppose  them  chosen  so  that  the 
degree  in  A  of  all  the  coefficients  is  the  least  possible.  This  is  to 
exclude  the  possible  multiplication  of  the  relations  by  factors  con- 
taining A. 

If  now  any  linear  substitution  is  applied  to  A  and  B,  the  first 
derivates  of  (KA  -  B)  are  also  subjected  to  a  linear  substitution,  whose 
coefficient*  are  independent  of  A ;  thus  the  degrees  of  the  relations 
mentioned  in  the  last  paragraph  are  invariants  under  the  linear 
substitution.  We  have  now  found  suitable  invariants  ;  the  only  point 
remaining  unsettled  is  the  connection  between  these  numbers  and  the 
number  of  terms  in  the  reduced  groups.  Consider  then  the  relation  for 
the  reduced  groups  (1),  which  contain  2m  +  1  variables.     We  have 

^2       =if~  (*-A-£)  =  \a:1-a:3t 
X*       =^da>  (XA  ~B^  =  ******* 


-^»»    =  i  jr—  (A^-  - B)  =  Xwzm-i  - Omh.1  i 

(  •'  M 

Xm+i  =  i  5 (*A  -£)=  -  a\lm, 

°«  2m +1 

so  that  the  relation  is 

A\  +  K2Tt  +  \2Xry  +  ...  +  XmX2?n+1  =  0, 

and  the  degree  of  the  relation  is  m. 

Thus,  if  we  find  /•  independent  relations  amongst  the  first  derivates, 
of  least  degrees  mu  wa,  ...,  mk)  there  will  be  h  reduced  groups  of  the 
type  (1),  and  the  numbers  of  variables  in  these  groups  are 

2Wi  +  1,  2?w2  +  1>  •••>  2mk  +  1. 
These  are  the  numbers  which  in  the  singular  case  correspond  to  the 
indices  of  some  of  the  invariant-factors. 

If  the  sum  of  these  numbers  (  fr  +  22m)  is  equal  to  n,  no  further 
invariants  will  be  needed  because  the  reduced  forms  will  then  contain// 

*  Except  in  the  case,  which  we  may  suppose  excluded,  when  A,  B  are  functions 
of  the  same  (n  -  1)  independent  variables. 
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linearly  independent  variables.  But  it  will  usually  happen  that  n  is 
greater  than  k  +  2'Sm,  in  which  case  we  must  obtain  other  invariants 
in  order  to  completely  specify  the  reduced  forms.  To  find  these 
invariants,  we  observe  that  not  all  the  kth.  minors  can  vanish  identically, 
otherwise  there  would  be  (k  +  1)  relations  amongst  the  first  derivates 
of  (X.A  -  B),  instead  of  only  k,  as  we  assumed  above.  We  find  then 
the  h.c.f.  of  the  non-zero  minors  of  the  JHh  order  and  factorize  this 
h.c.f.  just  as  we  factorize  the  determinant  in  the  non-singular  cases. 
Take  (A  -  c)  as  a  typical  factor,  with  index  4  •  and  let  4+i  be  the 
index  of  (A  -  c)  in  the  h.c.f.  of  the  (k  +  l)th  minors,  and  so  on  ;  then 
the  indices  of  the  invariant-factors  with  the  base  (A  —  c)  are  the 
differences  4  -  4+i,  4+i  -  4+ 2,  •••• 
To  illustrate,  take  the  determinant 


o, 

K 

o, 

o, 

o, 

o, 

o, 

0 

K 

o, 

-1, 

o, 

o, 

o, 

o, 

0 

o, 

-1, 

o, 

o, 

o, 

o, 

o, 

0 

o, 

o, 

o, 

o, 

K 

o, 

o, 

0 

o, 

o, 

o, 

K 

o, 

-1, 

o, 

0 

o, 

o, 

o, 

o, 

-1, 

o, 

o, 

0 

o, 

o, 

o, 

o, 

o, 

o, 

o, 

A-c 

o, 

o, 

o, 

o, 

o, 

o, 

A-c, 

-1 

for  which  we  find  k=2,  m1  =  l,  m2-l;  but  the  second  minor  found 
by  striking  out  the  first  and  fourth  rows  and  columns  is  (A  -  c)2 ;  and 
the  third  minor  found  from  the  first,  fourth  and  seventh  rows  and 
columns  is  1.  These  facts  indicate  two  groups  of  the  type  (1),  each 
containing  three  variables,  and  one  invariant-factor  (A-c)2. 

It  is  an  obvious  extension  of  the  symbol  employed  for  invariant- 
factors  to  denote  this  case  by  the  characteristic  [{33}  2]  ;  where  the 
figures  in  crooked  brackets  {  }  give  the  numbers  of  variables  in  the 
separate  groups  of  type  (1)  and  the  other  figures  represent  indices  of 
invariant-factors  as  usual. 

Perhaps  it  might  be  thought  better  to  use  the  numbers  m  rather 
than  the  numbers  (2m  +  1) ;  for  m  is  the  number  given  directly  by  our 
rule,  and  (2m  + 1)  is  at  once  deducible  from  m.  The  advantage  of 
using  (2m  + 1)  lies  in  the  fact  that,  by  adopting  this  as  the  standard, 
every  number  in  the  characteristic  symbol  represents  the  number 
of  variables  in  a  certain  group  of  terms.  Thus  in  all  cases  by  adding 
all  the  numbers  in  the  cJiaracteristic,  we  obtain  the  number  of  inde- 
pendent variables  in  the  family  of  forms. 
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22.     Example  of  reducing  a  singular  case. 

In  view  of  the  examples  already  given  in  Arts.  16,  19  it  is  probably 
unnecessary  to  give  more  than  one  here:  this  one  is  Darboux's  example 
(p.  375  of  his  paper  quoted  in  Art.  38  below)  of  a  singular  family 
of  quadratic  forms,  for  which  |  \A  -  B  j  =  0. 

(i)     Consider  first 

A  =.x\.  '•>  +  ^.rx  +  c{x2x3  +  XiXb\     B=x2x3+x^xb. 

The  variable  xx  occurs  in  A  and  not  in  B\  but  xx2  is  not  present  in  A,  so  that 

we  must  write 

A=xl'x2  +  (x3xi+cx4xb),     B=x2x3-\-x^xb (1), 

where  x{ = xx  +  cx3 ,  or  X\  =  x{  -  cx3 . 

It  will  be  seen  that  equations  (1)  correspond  to  equations  (52)  of  Art.  20, 
with  hx  =  ./•;,. /'4 -K'./vy5,/2=#4#5.     To  reduce  hx  and/2,  we  have  to  write 

#3'  =  #3  +  c#oi  or  x3  =  x3'-cxb. 
The  complete  forms  then  become 

A  =  x{x2  +  x3'Xi ,     B  =  x2  {x3  -  cxb)  +  #4  xb  • 

If  we  follow  the  method  explained  in  the  small  type  on  p.  52  of  Art.  20, 
we  shall  write 

xi'=x4-cx2,  and  so  B=x2x3 +x±xb; 

and  then  A  =  xxx2 + x3' (#4'  +  cx2)  =  (xx +  cx3) x2 4- x3x{. 

Thus  the  reduced  forms  are 

A-eih+ht*-,  B^kk+hk (2), 

where  £1=^1 '  +  cx3,     £2  =  x2,     £3  =  x3,     ^  =  x4f,     $b  =  xb. 

The  reducing  substitution  is  most  conveniently  written: — 

#3=  £3-  c&i     ^4=^4-^2,  I (3). 

#5  =  £-,-  J 

(ii)     Consider  next 

A  =  xxx2  +  x3x4  +  xbx6+c  (x2x3 + .r4  xb  +  xQx7), 

B  =  X2X3  +  X4Xb  +  XqX7  . 

Following  the  same  rule  as  in  (i)  we  find  at  once 

A=xl'x2  +  A'i    B  =  x2x3  +  B'  (4), 

where  rx'=xx  +  cx3  (or  xx  =  x{  —  cx3\  and  A',  E  are  of  the  same  type  as  the 
forms  reduced  in  (i).     Thus  we  shall  have  the  reduced  forms 

A  =  xx'x,  +  £,  £4  +  £fi  £„ ,     B = 3**1  +  £4  £5  +  £0  £7 , 
where  x3  =  £3  -  2c£6  +  c% , 

the  other  variables  £  being  given  by  equations  similar  to  (3),  with  changed 
suffixes.     When  this  value  of  x3  is  inserted  in  B,  we  find 

B = x2 £3  +  £4'£6  +  £0'£7 ,  if  £4'  =  £4  -  fee* ,    &'  =  £0  +  - 
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Then     A  =  xx'x2  + 13  (&'  +  2cx2) + £6  (&'  -  c2^2) =&tf2+  £3  fc'  +  Is  &', 


here         6  =  ^i'  +  2^3-^5,  or  ^  =  ^'  -  c#3  =  &  -  3c£3  +  3c2£5  -  ( 

*k- 

We  may  write  then  finally 

A  =  X\X%  +  X^Xi  +  X5X6 j    B  =  X2X3+ X±Xb  +  XQX7  .... 
here 

(5), 

Xi  =  ij!,     X2=x2i    X&=£s,    X^  —  ^j    Ar6  =  £6,     A6  =  |6',     JL7  = 

'ft- 

The  reducing  substitution  is  :— 

x1  =  Xi  —  ZcX3+3c2X5-c3X7,     X2  =        x2, 
x3  =             X3  -  2cX5  +  c2 X7 ,     Z4  =  -  2c#2  +  #< 1 
xb=                         X&-  cX7,     X6=      c2x2-cXi-\-x^ 
x7=                                    X7. 

"      . 

(6). 

(iii)     We  can  now  generalize  the  work  in  (i)  and  (ii),  to  similar  forms  in 
(2w  —  1)  variables.     With  a  slight  change  of  notation,  we  take 

A  =  #iyi  +^23/2  4- ...  +#»-  iy«  - 1  +  c  (^2J/i  +  ^33/2  + ...  +  xnyn  _  0, 
^  =  *«yi  +  #3^2  + ...  +«ny«  - 1  • 
Then  the  reduced  forms  are 

a= £iT)l+ £2m+ ••■  +  L-iVn-u    £"M6ni+£ta+*"+&fc-i (7)> 

and  the  necessary  substitutions  are  given,  symbolically,  by 


*r=r(l -<*)"-',         r=lr,         (r=l,  2,  ...,  ft),l 

iJ(8)- 


The  reader  should  find  no  difficulty  in  establishing  the  truth  of  (7),  (8) 
by  induction  from  (2),  (3)  and  (5),  (6). 

It  is  somewhat  curious  that  the  substitutions  inverse  to  (8)  are  given  by 

£r  =  xr(l+Cx)"-r,  Xr  =  Xr,  (f- 1,  2,  ...,  n)9\ 

^  +  ^2  +  t^3+...  +  tn-hjn^l  =  (l+Ct)n-%  +  (l+Ct)n-3r]2+...+r)n_l.){    >' 

The  similarity  of  the  substitutions  giving  £r  in  terms  of  xr  and  xr  in  terms 
of  gr  is  substantially  the  result  set  in  the  Mathematical  Tripos,  1905,  at  the 
beginning  of  the  second  problem  paper. 

23.  Characteristics  of  forms  containing  more  than  four 
variables. 

The  reader  should  now  have  no  difficulty  in  constructing  reduced 
forms  having  any  prescribed  characteristic;  but  it  may  be  useful  to 
give  some  information  as  to  the  possible  characteristics. 

Of  families  in  5  variables,  there  are  10  algebraically  distinct  types, 
whose  characteristics  are  given  in  the  following  list ;  and  each  type  can 
be  divided  further  by  equating  certain  coefficients  in  the  reduced  forms. 
In  this  way,  the  10  types  give  rise  to  31  cases,  whose  characteristics 
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are  obtained  by  adding  round  brackets  wherever  possible.     The  types 
are  represented  by  : — 

[11111]  7  cases  [41]  2  cases 

[2111]  7     „  [5]  1      „ 

[221]  4     „  [{3}  11]  2     „ 

[311]  4     „  [{3}  2]  1      „ 

[32]  2      „  {5}  1      „ 

For  6  variables  there  are  16  distinct  types,  as  follows  : — 

[111111]  [3111]  [411]  [{3}  111]             [{5}  1] 

[21111]  [321]  [42]                [{3}  21] 

[2211]  [33]  [51]                [{3}  3] 

[222]  [6]                [{3}  {3}] 

These  16  types  correspond  to  66  cases,  8  of  which  are  singular 
families. 

For  details  as  to  the  reduced  forms,  the  reader  may  consult  the 
references  in  Arts.  35,  36  below ;  but  it  should  be  noted  that  some  of 
the  cases  are  omitted  there  for  geometrical  reasons. 

In  conclusion  we  give  a  table*  shewing  the  number  of  types  and 
cases  possible  for  each  value  of  n  from  1  to  11  : — 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

Non- 

Types 

1 

2 

3 

5 

7 

11 

15 

22 

30 

42 

56 

singular 

Cases 

1 

3 

6 

14 

27 

58 

111 

223 

424 

817 

1527 

Singular 

Types 
Cases 

- 

- 

1 

1 

1 
1 

3 

4 

5 

8 

9 
19 

14 
38 

24 

84 

36 

165 

56 
338 

*  This  table  was  given  for  the  non-singular  cases  by  Sylvester  (Phil.  Mag, 
series  4,  vol.  vn,  1854,  p.  334;  Coll.  Papers,  vol.  n,  pp.  30— 33);  these  numbers  have 
been  re-calculated  and  also  compared  with  a  Kg.  table  of  Cayley's.  But  no  list  has 
been  accessible  for  checking  the  singular  cases. 

The  number  of  non-singular  types  (cn)  is  the  coefficient  of  xn  in  the  product 
^»(l-*)-1(l-«»)-1(l-«»)-1(l-«*)-1...  =  l+*  +  2^H  ...; 

and  the  number  of  non-singular  cases  is  the  coefficient  of  xn  in  the  product 

x2  =  n  (1  -  xr)  -°r  =  (l-  *)-l  (1  -  x2)-a  (1  -  x3)"3  (1  -  x4)-5. . . . 
The  numbers  for  the  singular  families  are  found  similarly  from  the  products 


F=  -1+    II  {l-x*r+*)-*=a?  +  x*  +  x*  +  xi  +  gP  +  2  (x»  +  x1»  +  xll)  +  ... 
r=--\ 


CHAPTER   IV. 

THEOREMS   ON  THE   INVARIANT-FACTORS   OF 
A  FAMILY   OF  QUADRATIC   FORMS. 

24.  Having  established  the  possibility  of  reducing  a  family  of 
forms  to  groups  of  the  types  found  in  Art.  20,  we  must  now  calculate 
directly  the  invariant-factors  of  the  complete  family,  and  prove  that 
they  are  the  same  as  the  invariant-factors  of  the  separate  groups.  It 
is  clear  from  what  was  proved  in  Art.  11  (p.  29)  that  we  need  only 
examine  the  effect  of  combining  groups  whose  invariant-factors  have 
the  same  base  ;  for  we  have  seen  that  when  the  bases  are  different,  the 
invariant-factors  of  the  whole  family  are  made  up  of  those  belonging  to 
the  separate  parts. 

Consider  then  the  family 

\A-B  =   %(\Ak-Bk) (1), 

k=l 

where  Ak  and  Bk  denote  groups  of  terms  of  the  first  or  second  types* 
in  Art.  20,  so  that  we  can  write 

Dk  =  \\Ak-Bk\=±(\-cy*  (2), 

where  ak  denotes  the  number  of  variables  in  the  groups  Aki  Bk.  It 
must  be  remembered  that  the  minor  of  the  first  element  in  Dk  is  ±1, 
so  that  (A. - c)ak  is  the  invariant-factor  of  |  A- Ak  -  Bk  \ .     Thus 

A  =  \\A-B\  =  D1D2...Dr (3), 

and  accordingly  the  index  of  (X  —  c)  in  A  is 

l0  =  ar  +  a2  +  a3  +  ...  +  ar (4). 

*  The  third  type  has  been  seen  (p.  54)  to  be  not  substantially  different  from 
the  first  and  second.  If  groups  of  terms  of  the  fourth  type  occur,  the  following 
argument  has  to  be  modified  somewhat,  in  consequence  of  the  determinant 
\\A- B\  being  identically  zero.  But  the  reader  should  have  little  difficulty  in 
seeing  that  the  final  result  is  the  same.  It  may  be  useful  to  remark  that  if  Ak 
and  Bk  belong  to  the  fourth  type,  the  determinant  Dk  is  identically  zero,  but  the 
minor  of  the  first  element  in  Dk  is  still  ±1. 
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(5), 


Now  A  can  be  written  in  the  symbolical  form 

/),,         to,  ...,         CO 


CO,  Do ,  •  •  • ,  W 


CO,  CO,  ...,       Dr 

where  each  o>  denotes  a  rectangular  block  of  zeros.  From  (5)  it  is  plain 
that  the  first  minor  of  any  element  in  a  block  co  will  be  zero.  Further, 
the  first  minor  in  A  of  any  element  in  A  is  equal  to  the  product  of  the 
corresponding  first  minor  in  Dx  by  D9i  D3,  ...,  /),.  Thus  the  lowest 
index  of  (X-c)  which  divides  all  first  minors  in  A  is 

/1  =  a2+a3fa4+...+a) (6), 

provided  that  the  groups  are  arranged  so  that 


OUy   =   CI.,    ^ 


> 


i  (7); 


and  lx  is  exactly  the  index  of  (X-c)  in  the  minor  of  the  first  element 
of  A. 

Similarly,  by  striking  out  the  first  element  of  I\  and  the  first 
element  of  D2,  we  get  a  second  minor  of  A  which  has  the  index 

4  =  a3  +  a4  4-  . . .  +  a, (8), 

and  no  other  second  minor  has  a  lower  index.     And,  continuing  the 
argument,  we  see  that  the  sequence  of  indices  l0,  l1}  l2,  ••■  ends  with 

Ir-i^Or,      lr  =  0 (9). 

From  (6),  (8),  (9),  it  is  plain  that  the  invariant-factors  of  A  have 
indices 

#i  =  k  -  k  =  ai >     e2  =  lx-l2=a2,  . . . ,  er  =  lr-i  =  ar ( 1 ( >)• 

That  is,  the  invariant-factors  of  the  complete  family  are  the 
same  as  the  invariant-factors  of  the  separate  groups.  This 
completes  the  proof  of  the  theorem  stated  on  p.  29. 

It  is  also  useful  to  note  that  an  invariant-factor  of  any  order 
is  divisible  by  the  following  invariant-factor  to  the  same 
base*  ;  this  is  obvious  from  (7)  and  (10).  And,  if  we  can  prove  thai 
*i  =  l,  it  follows  that  r.,,  <':i,  ...,  er  must  also  be  1  (compare  Arts.  26,  27). 

The  reader  is  advised  to  examine  some  special  rases,  in  order  to  follow  the 
general  account  more  readily  ;  for  example 

X  J     B  =  (2X#!  x2  +  X.r32  -I-  2*2*3)  +  (2X*4*6  +  #62)  +  X.r(i'2, 

*  This  theorem  is  of  course  a  theorem  on  minors  of  determinants  and  can  be 
proved  without  reference  to  reduced  forms.  A  proof  of  this  character,  due  to 
Frobenius,  will  be  found  in  Muth's  BUmtntartkeiUr,  pp.  7—11;  but  it  can  hardly 
be  regarded  as  M 
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where 


A  = 


o, 

X, 

0 

,    A= 

o, 

X 

X, 

o, 

1 

x, 

1 

o, 

1, 

X 

A=x, 


and  the  complete  determinant  A  should  be  written  out. 

25.    Regular  Minors. 

A  minor  of  the  sth  order  is  called  regular  with  respect  to  a  par- 
ticular base  (X  -  c),  if  it  contains  (X  -  c)  to  a  power  not  higher  than  ls 
(following  the  notation  of  Art.  11).  Thus  in  the  last  article,  the  minor 
found  by  striking  out  the  first  element  of  Dx  is  regular ;  so  also  is  the 
second  minor  found  by  striking  out  the  first  elements  of  Dx  and  D2 ; 
and  so  is  the  third  minor  found  from  the  first  elements  of  Du  D2,  D*\ 
and  so  on.  And  these  are  the  only  regular  minors  of  their  respective 
orders. 

From  these  results  it  may  be  guessed  that  a  regular  first  minor 
contains  at  least  one  regular  second  minor :  and  that  a  regular  second 
minor  contains  at  least  one  regular  third  minor,  and  so  on*.  The 
inference  is  correct ;  but  an  additional  proof  is  required,  because  it  is 
not  obvious  that  the  property  is  invariant  under  a  linear  substitution. 

Another  inference  might  also  be  made;  that  regular  symmetrical 
minors  can  be  found.  This  is  usually,  but  not  always,  possible  as  may 
be  seen  from  the  determinant 


o, 

x, 

o, 

0 

x, 

o, 

1, 

0 

o, 

1, 

o, 

A 

o, 

o, 

x, 

0 

in  which  the  regular  first  minors  are  found  by  striking  out  the  first  row 
and  last  column;  or  else  the  last  row  and  first  column.  It  may  be 
noted  that  wdien  the  regular  minors  are  all  asymmetrical,  two  or  more 
of  the  invariant-factors  must  be  equal.  In  the  determinant  above  there 
are  two  invariant-factors  equal  to  X2. 

Without  going  into  the  general  proof,  we  shall  indicate  how  to 
verify  the  property  that  a  regular  minor  contains  regular  sub-minors, 
in  the  example  of  the  last  article.  By  Art.  10,  equation  (4),  we  obtain 
a  symmetrical  first  minor  of  the  transformed  determinant  by  bordering 
with  mly  m2,  ms,  m4,  m5,  m6,  ...  if 

mxxx  +  m2x2  +  m3%3  +  m4x4  +  m5w5  +  m6ws  +  ... 

*  This  theorem  is  again  one  of  a  purely  determinantal  character;  the  proof 
quoted  in  the  last  note  establishes  this  result  also. 
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is  one  of  the  new  variables.  It  will  be  found  that  if  8  denotes  the 
determinant  of  the  rest  of  the  family  (not  divisible  (>i/  A),  this  minor 
contains  the  term  A38w,'-  and  that  all  the  other  terms  contain  A4  as  a 
factor,  so  that  the  minor  is  regular  if  mJ  is  not  zero. 

In  like  manner,  any  second  minor,  derived  from  this  first  minor, 
can  he  obtained  by  bordering  with  m's  and  w.'s.  It  is  easily  seen  that 
this  minor  contains  a  term  AS(w*iW4-  tw4/?i)2  and  that  all  other  terms 
contain  A-  as  a  factor  :  the  minor  is  therefore  regular  if  (m1n4-  m4th)  is 
different  from  zero.  This  cannot  vanish  for  all  the  new  variables  other 
than  %mx ;  for,  if  so,  we  should  have*  v4  =  m4?ij?n^  and  therefore 

n^Xx  +  n4x4  =  (ill/in^)  (fihft  +  m4x4). 
That  is  to  say,  xv  and  ,v4  would  only  appear  in  the  new  set  of  variables 
through  the  combination  (mx<i\  +  m4.r4) ;  and  so  the  new  set  of  vari- 
ables could  not  be  linearly  independent. 

Similarly  the  minor  found  by  adding  a  row  and  column  of  p*8  will 
be  regular  if  the  determinant 

mu     nu    p, 

?n4,     n4,    p4 

m6,     n6,    ps 

is  not  zero ;  and  it  can  be  proved  in  the  same  kind  of  way  that  this 
determinant  is  not  zero  when  the  new  variables  are  linearly  inde- 
pendent. 

26.  If  one  form  A  belonging  to  a  family  of  real  quadratic 
forms  is  definite,  all  the  roots  of  the  equation  \A  -  B\  0  are 
real ;  and  the  invariant-factors  of  the  determinant  are  all  linear. 

Consider  first  the  theorem  that  the  roots  are  real ;  amongst  the 
numerous  proofs  that  have  been  published,  perhaps  the  following  (due 
to  Kronecker)  is  the  simplest. 

Suppose  if  possible  that  A  =  a  +  ib  is  a  complex  root  of  \XA  -  B\  =  0 ; 
then,  according  to  Arts.  5,  8  the  form 

(a  +  ib)A  -B 
[a   expressible  as   the  sum  of,  at  most,  (n  -  \)  squares  of  complex 
variables,  taking  n  as  usual  to  be  the  number  of  independent  variables 
contained  in  the  family  (Ayl  -  B). 

Thus 

n' 

(«  +  ib)  A-B  =  ^ar{yr  +  izrf  (ri  ^  n  -  1 ), 

r=l 
*  Note  that  m,  is  not  zero  because  the  first  minor  is  regular. 
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where  the  ?/s  and  s's  are  real  linear  combinations  of  the  original 
variables.  Since  we  are  working  with  complex  numbers,  we  may 
suppose  the  square-roots  of  the  coefficients  ar  taken  into  the  brackets  ; 
this  change  will  simply  change*  yr  and  zr  ;  and  then 

n' 

(a  +  ib)A-B=%  (yr  +  izrf  (»'  £  n  -  1). 

r=l 

Now  the  coefficients  of  A,  B  are  real;  and  consequently,  on 
equating  real  and  imaginary  parts,  we  must  have 

bA  =  2  %yrzr. 

r=l 

But  the  product  yrzr  can  be  made  zero  by  taking  either  of  its  factors 
to  be  zero  ;  and  consequently,  by  satisfying  ri  linear  relations  amongst 
the  original  variables  (say  yi  =  0,  2/2  =  0,  ■■•iyn'  =  0),  we  can  make  bA 
zero.  Now  n  is  less  than  n,  and  consequently  these  ri  relations  give 
real  values  for  the  original  variables,  which  are  not  all  zero.  But 
(Art.  9)  the  form  A,  being  definite,  cannot  vanish  for  such  values  of 
the  variables ;  hence  b  =  0,  and  therefore  the  roots  of  the  equation 
\kA  -  B\-0  must  be  real. 

The  following  proof  that  the  invariant-factors  are  linear  is  also 
due  to  Kronecker.  Let  A  =  c  be  a  root  of  the  determinantal  equation  ; 
then  we  can  choose  the  variables  a\ ,  .r2,  ...,  ,ru ,  so  that  (cA-B)  contains 
only  ,r2,  x%  ...,  ,rn  Thus  A  can  be  brought,  by  using  method  (i)  or  (ii) 
of  Art.  7,  to  one  of  the  two  forms 

A  =y?lan  +/(ft,  x*,  ...,  <rM), 
or  A  =  2yly2  +  g(x3,  a?4,  ...,  a?,), 

where  yx  is  a  real  linear  function  of  xu  x2,  ...,#»,  and  y2of  x2,  x3> ...,  xn. 
In  the  second  case  it  is  easy  to  see  that  \\A  -  B\  contains  the  factor 
(A  -c)2 ;  so,  if  the  roots  of  \\A-B\  =  0  are  all  different,  we  have  the 
first  case  only,  without  making  any  restriction  in  regard  to  the  nature 
of  A.  Again,  in  the  second  case  A  vanishes  for  all  values  of  yu 
provided  that  y»  =  0,  x3  =  0,  ...,  #»  =  0.  This  is  impossible  when  A  is 
a  definite  form  ;  so  that  whether  there  are  equal  roots  of  \\A  - B\  —  0 
or  not,  we  can  always  bring  (A^4  —  B)  to  the  form 

(k-c)yl*lall  +  kA'-B'i 
where  A',  B  contain  only  (n  —  1)  variables. 
*  If  <ir  =  (ar  +  ipr)2  we  see  that 

(«>■  +  t/3r)  {yr  +  i£r)  =  aryr  -  przr  +  i  (arzr  +  j8ryP) 
so  that  we  get  other  real  linear  combinations  of  the  original  variables. 

B.  5 
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Proceeding  in  this  way  we  finally  reduce  A  and  B  to  sums  of  the 
same  n  squares,  whether  there  are  equal  roots  of  |A^l-i?|  =  0  or  not. 
On  writing  out  the  reduced  form  of  the  determinant,  it  is  plain  that 
all  the  invariant-factors  are  linear. 

nple.  A-f,     0,        0,        0      |  has  linear  invariant-factors. 

0,     A-e,     0,        0 
0,        0,     A-c,     0 

0,        0,        0,  A-< 

The  fact  that  all  the  roots  of  the  equation  |A^1-  Z?|=0  are  real 
seems  to  have  been  noticed  first  by  Lagrange  (in  1773)  for  the  special 
case  of  three  variables  and  A  =  a?  +  ,?v  -f  .?y  ;  the  case  of  n  variables 
and  A  -  Sa?ra  was  given  by  Cauchy  (in  1829).  The  earliest  treatment 
of  the  general  case,  with  any  definite  form  for  A,  seems  to  have  been 
given  by  Sylvester  (Phil.  Mag.  Series  4,  vol.  vi,  1853,  p.  214  ;  Coll. 
Papers,  vol.  i,  p.  634)  ;  the  theorem  was  rediscovered  by  Weierstrass 
(in  1858).  Eouth  (Rigid  Dynamics,  vol.  II,  §  58)  attributes  the 
theorem  to  Lord  Kelvin,  but  the  earliest  reference  to  it  by  Lord 
Kelvin  seems  to  occur  in  the  first  edition  of  Thomson  and  Tait's 
Natural  Philosophy  (1867),  §  343,  where  the  authors  allude  to  the 
theorem  as  having  escaped  the  notice  of  modern  analysts ;  so  that 
apparently  Sylvester  and  Weierstrass  have  the  priority. 

The  fact  that  all  the  invariant-factors  are  linear  is  due  to 
Weierstrass ;  the  result  was  published  in  1858  and  is  contained  in 
§  4  of  his  first  paper  quoted  in  Art.  38.  This  theorem  has  been 
rediscovered  by  a  number  of  authors,  SomofT,  Villarceau,  Jordan  and 
Routh  being  the  principal  names.     For  more  details  see  Art.  37. 

27.     Semi- definite  forms. 

It  happens  in  some  cases  (e.g.  Art.  31)  that  the  form  A,  although 
not  definite,  is  semi-definite.  In  such  cases,  the  arguments  of  the 
Last  article  would  fail,  as  they  stand  ;  because  a  semi-definite  form 
may  vanish  for  some  real  non-zero  values  of  the  variables. 

If,  as  before,  the  family  (A^l  -  B)  contains  n  independent  variables, 
the  form  A  can  be  expressed  in  terms  of  fewer  than  n  variables.  Let 
new  variables  be  chosen  so  that  xx,  .r.,}  ...,  xp  are  the  only  ones  present 
in  A  in  rank  being  p)\  then  xp+l,  xp+2,  ...,  .rw  are  present  in  B  bu1 
not  in  A. 

If  .?•„'-'  la  presenl  in  />,  a  new  variable  ?/„  can  be  introduced 
(Art.  7  (i))  so  that  all  the  terms  in  ./■„  arc  absorbed  into  //,r;  this 
change  does  not  alter  A.     Similarly,  if  ./•„    is  absent,  but  a  product 
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such  as  xnxn-x  is  present,  all  the  terms  in  xn  and  in  xn-x  can  be 
absorbed  into  a  product  yny%-\  (Art.  7  (ii)),  which  can  then  be  put  in 
the  form  zn2  —  zn-*t  as  in  Art.  8 ;  and  again  A  has  not  been  changed. 

But  if  xn  only  appears  in  B  through  products  involving  xux2, ...,  arp, 
the  case  is  different ;  for  example,  suppose  that  xn  appears  only  in  the 
form  of  the  product  x„  (#i  +  ,?\>).  We  write  then  yx  =  xx  -f  x2,  and  by 
introducing  a  suitable  new  variable  yn ,  we  can  absorb  into  the  product 
yxyn  all  terms  in  B  which  contain  xx  or  xn.  The  form  A  is  then 
modified;  but  A  will  still  contain  only  p  variables,  yu  x2,  x3,  ...,  xp. 

Proceeding  in  this  manner,  B  will  be  reduced  so  as  to  contain,  first, 
a  certain  number  (n  -p  -  q)  of  squares  of  variables  not  present  in  A  ; 
and  secondly  a  certain  number  (q)  of  products  of  two  variables,  one  of 
which  is  present  in  A  and  the  other  is  not ;  and  finally  a  quadratic 
expression  containing  only  variables  present  in  A. 

Thus,  the  forms  can  be  written,  the  suffixes  being  possibly 
rearranged : — 

A=f(yuy*,  -,&>), 

B=g(yuy-i>  ...,^,-,y)  +  2%,y,/+r  +  2%.s2 

(r=p-q  +  l,  p-q  +  2,  ...,p;     8=p+q+  1,  p  +  q  +  2,  ...,  n), 

where  the  number  q,  of  course,  cannot  exceed  either  p  or  (w  —p) ;  and  the 
new  variables  yXy  y2,  ...,  ypa,re  real  linear  combinations  of  x1}  x2,  ...,  orp 
and  yp+u  yp+2,  ...,  yn  are  real  linear  combinations  of  (possibly)  all  the 
x'k.  It  is  now  to  be  observed  that  A  is  definite,  regarded  as  a  function 
°f  #i>  #2,  ...,  &;  and  therefore  method  (iii)  of  Art.  7  is  always 
applicable*  to  A.     Thus  we  can  write 

A  =/(#',  ya',  #»',  •  ••,  y*-/,  o)  +  fojp-, 

where  (#  -  yx),  (y,'  -  yf),  . . . ,  (^_/  -  y,.,) 

are  simply  multiples  of  yp ;  and  therefore  the  change  produced  in  B 
can  all  be  absorbed  into  the  product  ypyp+q,  by  modifying  yp+q.  Con- 
tinuing the  process,  we  find 

A=f1{zuz2,  ...,  zp-g)  +  5a^ra, 
B=gx(z1}  z2,  ...,  zp-q)  +  2^zrzr+q  +  V>$?t 

where,  since  all  the  transformations  have  real  coefficients,  fx  is  a  definite 
form  and  all  the  coefficients  ar  have  the  same  sign  as  the  form  A. 
Thus,  by  inspection  we  see  that  the  determinant  |  X A  +  fiB  |  has  the 

*  For,  if  method  (iv)  had  to  be  used,  A  would  take  a  form  such  as 

^rp-iffp+/(*i»*9.  -i  v-2>  o,  o) 

which  is  not  definite. 
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same  invariant-factors  as  |A/,  +  figi\  together  with  q  invariant-factors 
of  tlie  type  m'2  and  (»— p  —  q)  of  the  type  fx.     To  make  the  result 
clearer,  we  give  an  example  of  the  determinant,  taking 
A  =  2cf  +  2c,  c,  +  f>c,.'J '+  ~;f  +  zA\ 
B  =  3c,2  +  6c,  c,  +  9«aa  +  2c3c5  +  2c4c6  -  c72, 


so  that 

P  =  4,  ?  = 

2,  w  =  7. 

Then  \\A  +i*B\  is 

2A  +  3/m, 

X  +  3/x, 

o, 

0, 

0, 

o, 

0 

A  +  3/x, 

5X  +  9/a, 

o, 

o, 

0, 

o, 

0 

o, 

0, 

K 

o, 

P> 

0, 

0 

0, 

o, 

0, 

A, 

o, 

p> 

0 

o, 

o, 

p, 

0, 

0, 

o, 

0 

o, 

o, 

(), 

fS 

0, 

o, 

0 

o, 

o, 

o, 

o, 

0, 

o, 

-/* 

which  has  the  invariant-factors  /a2 

,  f*8l 

/a,  as  well 

as  t 

(a+2/x),  from  the  determinant 

2A.  +  3/a, 

A 

+  3/x 

. 

A  +  3/t, 

5  A 

+  9/i 

Witli  regard  to  the  invariant-factors  of  |A/,  +  /x#,l,  the  arguments  of 
Art.  26  can  be  at  once  applied  to  shew  that  they  are  all  real  and 
linear ;  so  that  we  have  now  the  theorem  : — 

If  one  form  A  of  a  family  of  forms  A^l  +  fiB  is  semi-definite, 
all  the  invariant-factors  of  the  determinant  A^l  +/*2?|  are  real 
and  linear,  with  the  possible  exception  that  some  may  be  of 
the  type  /x-;  the  number  of  such  invariant-factors  cannot 
exceed  the  smaller  of  the  numbers  p,  (w  -p). 

Here  p  denotes  the  rank  of  A  and  n  is  the  number  of  independent 
variables  in  the  family  of  forms. 

28.  If  a  form  A  of  the  family  (although  not  definite)  has  a  known 
signature  (p.  22),  there  is  a  theorem  due  to  Klein  which  gives  informa- 
tion with  respect  to  the  invariant-factors  of  the  determinant  |  A.^1  -  B  . 

The  methods  of  investigation  of  Arts.  26,  27  fail  here  and  we  simply 
appeal  to  the  reduced  forms  obtained  in  Chapter  in. 

In  the  first  place  we  recall  the  fact  that  if  the  coefficients  of  the 
given  forms  are  real  no  complex  numbers  will  be  introduced  in  the 
reducing  process  except  through  the  factors  of  the  determinant;  that 
is,  if  A  =  c  is  a  real  root  of  |  XA  -  B  \  =  0,  the  manipulation  of  A  and 
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(cA  -  B)  will  not  introduce  any  complex  coefficients  in  the  transforma- 
tion. Thus  in  the  reduced  forms  the  variables  which  correspond  to 
real  invariant-factors*,  will  be  real  linear  combinations  of  the  original 
variables. 

Now  consider  the  effect  on  the  signature  of  A  of  the  various  types 
of  reduced  groups;  we  see  from  Art.  20  that  the  only  type  which  con- 
tributes to  the  signature  is  that  given  by  an  invariant-factor  (A-c)2m+1. 
For  a  product  such  as  2xxic2  can  be  written 

and  since  this  contains  one  positive  and  one  negative  square,  it  adds 
1  to  and  subtracts  1  from  the  signature ;  so  that  such  a  term  cannot 
alter  the  signature. 

But  if  the  determinant  |  A  |  is  zero,  there  will  be  invariant-factors 
to  base  fx  belonging  to  the  determinant  |  \A  +  fxB  | ;  and  in  this  case, 
those  of  the  type  i*?'n  are  the  only  ones  to  affect  the  signature  of  A. 

Thus,  so  far  as  the  real  invariant-factors  are  concerned,  the 
signature  cannot  exceed  the  sum  of  the  number  of  invariant-factors 
of  the  types  (A  -  c)2m+\  /*-'". 

Consider  now  the  complex  invariant-factors.  If  (A-  a-  i/3)3  is  one 
of  these  t,  (A.  —  a  +  i(3)3  is  another,  and  the  corresponding  sets  of 
variables  are  conjugate  complexes ;  thus  the  two  together  give  a  con- 
tribution to  A  of  the  form 

2  (yi  +  &0  (.'/,  +  fcO  +  (p  +  l(i)  (y*  +  fe# 

+  2  (y,  -  /~0  (//,  -  '-J  +  (p  -  iq)  (f$  -  '2*7 

=  -1  (Vih  -  -I----)  +  2j3  (#82  -  -a2)  -  ±qy*t. 
But  these  terms  add  nothing  to  the  signature,  since  we  may  write 

V ($%  -  **) -  2^^,  =p(y,  +  qzjpf  - (p2  +  f)  z32/p, 
whenjt?  is  not  zero;  and  in  casejt?  is  zero,  the  term  adds  nothing  to  the 
signature,  as  before. 

Since  the  signature  is  invariant  under  real  linear  substitutions,  we 
have  now  Klein's  theorem  : — 

If  the  determinant  |  A  |  is  not  zero,  the  number  of  real 
invariant-factors  with  odd  indices  is  not  less  than  the 
signature  of  A. 

This  theorem  was  given  in  Klein's  Inauguraldissertation  (Bonn, 
1868),  reprinted  in  the  Matkematiscke  Annalen,  Bd.  23,  p.  539  ;  see 
in  particular  p.  562.     But  Sylvester  had  previously  proved  that  the 

*  That  is,  invariant-factors  of  the  type  (\  -  c)e,  where  c  is  real, 
f  To  simplify  the  argument,  we  take  only  the  index  3:  but  the  method  and 
results  are  perfectly  general. 
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number  of  real  roots  of  j  \A  -  B  |  cannot  be  less  than  the  signature  of 
any  form  in  the  family  (Phil.  Mag.  scries  1,  vol.  vi,  1853,  p.  216; 
Coll.  Papers,  vol.  i,  p.  635).  Sylvester's  method  is  must  instructive, 
but  it  does  not  seem  to  be  capable  of  giving  as  much  precision  as 
Klein's,  which  is  explained  above. 

When  |  A  |  is  zero,  Klein's  theorem  must  be  modified,  and  the  new 
result  is  : — 

The  signature  of  A  cannot  exceed  the  total  number  of  real  invariant- 
factors  belonging  to  the  types  (A  -  c)'2"t+\  //.-"'. 

This  theorem  includes,  in  part,  those  of  Arts.  26,  27  j  and  of  course 
a  similar  method  of  proof  might  have  been  used  in  those  articles.  But 
it  seemed  preferable  to  give  an  alternative  process. 

Klein's  theorem  has  been  extended  by  A.  Loewy  and  the  present 
author*  to  Hermite's  forms  containing  complex  variables. 

*  A.  Loewy,  Crelle's  Journal,  Bd.  122,  1900,  p.  56 ;  Bromwich,  Prof.  Land. 
Math.  Soc,  vol.  xxxn,  1900,  p.  349. 


CHAPTER  V. 

APPLICATIONS  AND   REFERENCES. 

29.  Metrical  classification  of  conies  and  quadrics  (point- 
coordinates). 

It  may  appear  almost  superfluous  to  discuss  this  problem  here,  as 
all  the  necessary  details  are  given  in  the  ordinary  text-books  on 
analytical  geometry.  But  it  is  of  some  interest  to  shew  the  use  that 
can  be  made  of  the  results  in  the  previous  chapters  ;  and  it  may  be 
useful  to  describe  a  simple  but  general  method  of  classification,  which 
is  not  given  in  the  ordinary  books. 

For  brevity,  we  confine  the  work  to  quadrics  since  the  necessary 
changes  in  the  case  of  conies  will  be  recognised  without  difficulty,  and 
a  list  of  results  for  conies  will  be  found  on  p.  75. 

If  the  equation  to  the  quadric  is 

(a,  b,  c,  ft  g,  h\x,  y,  z)'2  +  2  (iix  +  vy  +  wz)  +  d  =  0 (1), 

usually  the  first  step  is  to  transform  the  terms  of  second  degree,  say 

B  =  (a,  b,  c,f,  g,  h^x,y,  zf (2), 

so  as  to  become  a  sum  of  squares,  the  transformation  being  orthogonal  \ 
that  is,  the  quadratic  form 

A  =  x2  +  y2  +  z2  (3) 

must  remain  of  the  same  type  when  the  new  variables  are  introduced*. 
Thus  the  problem  is  reduced  to  the  transformation  of  A,  B  to  canonical 

*  It  is  assumed  that  the  original  coordinates  are  orthogonal ;  but  if  they  are 
oblique  we  start  from 

A  =  x2  +  y'2  +  z2  +  2lyz  +  2mzx  +  2nxy, 

I,  m,  n,  being  the  cosines  of  the  angles  between  the  axes. 
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forms :  and  since  A  is  a  definite  form,  the  determinant  \A-B\  has  only 
real  linear  invariant-factors  (Art.  26).  Hence  a  real  set  of  variables 
can  be  found  so  that 

.4  =  .iy  4-  ,?v  4  ,?v,      />'      r,,>y  4-  r..?v  +  r^iy (4). 

The  equation  to  the  qaadric  then  becomes 

r,,r,2  4-  r.>?v  4-  r:i.ty  4-  2  (t^a?,  4-  u.2,r,  +  U^P9)  +  d  =  0, 

and  the  subsequent  reduction  depends  on  the  number  of  the  coefficients 
ru  Cjj  Ct  which  are  zero*.  It  is  easily  seen,  as  in  the  text-books,  that 
there  are  three  fundamental  reduced  types  : — 

First  <-\!h-  +  c2y?  +  c*y.?  +  c4  =  0 (;">,), 

where  one  or  two  of  cx,  c2,  c3  may  be  zero. 

Secondly  c,?/,2  +  c^  +  c3y/  =  0 (52), 

where  one  or  two  of  cu  c2,  c3  may  be  zero. 

Thirdly  orf  +  c*yf  +  2kyt  =  0 (5,), 

where  c:!  is  necessarily  zero  and  one  of  the  two  cu  c2  may  also  be 
zero. 

Thus  in  all  cases  we  have  the  possible  type 

<\!h~  +  c*yf  +  c%y%  +  2^a  +  c4  =  0 (54), 

in  which  either  /•  or  c%  will  be  zero;  we  shall  now  shew  how  to  determine 
the  coefficients  and  the  type  directly  from  the  given  quadric,  without 
having  to  determine  the  reducing  substitution. 
We  have  the  identity 

(<*>  f>>  c$  J,  9t  fc$Xt  y,  -)-  -  A  (x1 4-  //  4-  z'-)  4  2  (ux  4  vy  i  /'- )  f  d 

=  dy*  +  ?&i  +  <?#»'  +  2/.v/:!  4  r4  -  X  [(//,  -1-  frY  +  (//,  +  p,)*  4  (y/;;   I  p,Y}. 

*  Thus  If  Cj,  Gg,  c,  are  all  different  from  zero,  we  ean  write 

Vr=*r  +  *rler>        (r=1»  2'  :*>' 

and  the  equation  becomi  l  -'",■// ,'"'  H  ''     ~"r~lr, ■  — °- 

But  if  0|  is  Eero,  the  type  heeomes 

'1  //f  -1-  ^//.r  4-  2»...r ..  |  </  -  (»,-/<•,  +  *,*/««)  =  °- 
In  some  of  the  hooks,  it  is  advised  that  the  terms  of  the  firs!  degree  should  be 
absorbed,  as  far  as  possible,  before  transforming  those  of  the  second  degree;  if  so, 
we  virtually  apply  Art.  7  (iii)  or  (iv).     But  the  method  above  is  preferable  for  our 
present  pui | 
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Hence,  by  Art.  10,  equation  (2), 


M*) 


a  -  A, 

h, 

ff, 

u 

k 

b-X, 

f, 

V 

9> 

f> 

c  —  A, 

w 

u, 

v, 

IV, 

d 

(6) 


AP 


0, 


o, 

-Xp, 

o, 

^ 

-K 

k 

-  A#, 

A#j, 

Cf 

-xv 

0,        Cj  -  A, 
0,  0, 

-\pu    -Xpit 

where  J/ is  the  determinant  of  the  substitution  expressing  (i/lt  y>2,y-&,  1) 
in  terms  of  (x,  y,  z,  1).     Now 

yi  =  xi-Pu    y%  =  v*-p*>    ^3  =  ^3-^3, 
so  that  M  is  also  equal  to  the  determinant  of  the  substitution  express- 
ing (xu  x.,,  x3)  in  terms  of  (x,  y,  z).     Thus,  since 

(a,  b,  <?,/,  g,  h\x,  y,  zf  -  X  (a?  +  f  +  zf) 

=  (cxxx2  +  c>x.f  +  cAx-i)  -  X  (atf  +  x}  +  x3% 


A, (X)  = 


a-  X, 
K 
9, 


h, 

9 

=  1/2! 

0-X, 

f 

f, 

c-X 

o\  -  A,     0, 

0,        Co -A, 
0,  0, 


0 

0 

Sg-A 


.(7). 


If  we  equate  coefhcients  of  A8  in  equation  (7)  we  see  that*  M*  =  1 
further  we  find  on  division  of  equation  (6)  by  (7) 


M*)  ^       d-A      Ca-A  r:;-A 


(8). 


Let  both  sides  of  equation  (8)  be  expanded  in  ascending  powers  of 
A,  which  is  possible  provided  that  A  is  numerically  less  than  the 
smallest  non-zero  value  of  clt  c2,  c3.  On  the  left-hand  side  the  first 
term  in  the  expansion  is  equal  to  the  quotient  of  the  term  of  lowest 
degree  in  A0  (A)  by  the  term  of  lowest  degree  in  Ax  (A) ;  on  the  right- 
hand  side  the  first  term  is  different  in  each  of  the  three  cases. 

In  case  (5X),  k  =  0;  so  the  first  term  in  the  expansion  of  (8)  is  o4, 
even  when  one  or  more  of  cu  c2,  c>  may  be  zero. 

In  case  (5.2),  k  =  0,  c4  =  0 ;  so  that  the  first  term  of  the  expansion  has 
a  positive  power  of  A. 

In  case  (53),  c3  =  0 ;  and  so  the  first  term  in  the  expansion  is  kzjX. 


Of  course  this  is  a  well-known  property  of  orthogonal  substitutions. 
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We   liave   thus   the   following  rule*  for   writing   down   the  reduced 
forms  : — 

Factorize  Aj  (A),  which  gives  r,,  c,,  r.;;  a«^  ftgjfa  Me  quotient  qf  $,, 
lAe  term  qf  lowest  degree  in  A0(A),  />//  81?  ^  fem  of  lowest  degree  in 

Aj  (A)  ;   Me//  ?&  '/rise: — 

/'V/vtf,  //'  80  (///rf  Sj  or«  <>/'  Me  flomi  degree  in  A  £&£r  quotient  is 
equal  to  c4i  and  h  =  0 ; 

»S  condfyi  \f  St  is  of  higher  degree  than  8„  c4  =  0  and  k  =  0*, 
Thirdly,  if  80  is  of  lower  degree  than  8l5  their  quotient  is  equal  to 
h-  X  and  ev=0. 

Thus  we  can  classify  as  follows : — 

First  type ;  8,,/^  =  c4 ;  the  reduced  equation  is 

c&i  +  c2  y/2J  +  c^yf  +  c4  =  0 (5^, 

G-l5  6'2,  e34=0     Central  quadric. 
C,  ,6-o*0;  c3  =  0     Elliptic  or  Hyperbolic  cylinder. 
c*i  4=  0 ;  c,,  c%  =  0     Two  parallel  planes. 

Second  type ;  SJBX  =  a  positive  power  of  A ;  the  reduced  equation  is 
Wji2  +  c-2i/.s  +  c,y.f  =  0 (5a), 

cu  Co,  0,4=0     Cone. 
e, ,  r,4=0;  Cz  =  0     Two  intersecting  planes. 
<'\  4s  0;  Ca,  Cj  =  0     Two  coincident  planes. 
Third  type ;  80/8!  =  &j\  ;  the  reduced  equation  is 

c,y1s  +  c1ya8  +  2%,  =  0 (5,), 


Cu  Cj*0;  6*3  =  0 


Paraboloid. 
Parabolic  cylinder. 


Conics. 

Poi  the  conic,         {a,  b,  r,f,  g,  h().r,  //,  1 )-  =  0 

we  write  A,  (A)  =  (a  -  A)  (b  -  A)  -  /r  =  (c,  -  A)  (r.     A), 


A„(A)  = 


e»—  A, 


n,      g 

b    A,  / 


(9), 


*  The  advantage  of  this  rule  is  that  it  gives  one  definite  process  in  all  cases  ; 
in  the  ordinary  methods,  each  class  has  to  be  treated  in  a  different  way. 
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and  as  before  we  denote  by  8„,  6\,  the  terms  of  lowest  degree  in  A0(A), 
Aj  (A),  respectively. 

Then  the  classification  is  : — 


(10,), 


First  type ;  80/6\  =  6*a ;  the  reduced  equation  is 

CiVi+c&t  +C»  =  0 

C| ,  6'3  #=  0  i  Ellipse  or  Hyperbola. 
c'j  4=  0 ;  c*2  =  0  ;  Two  parallel  lines. 

Second  type ;  SJSl  =  a  positive  power  of  A ;  the  reduced  equation  is 

Citf  +  wf^Q (io8), 

6'a,  c*.j  +  0  I  Two  intersecting  lines. 
c*!  =t=  0 ;  c>  =  0  ;  Two  coincident  lines. 

Third  type ;  S0/o\  =  k2/\  ;  the  reduced  equation  is 

cyi9+2%9=o (io,), 

Ci  +  0;  6o  =  0  |  Parabola. 
30.     Examples  to  illustrate  the  methods  of  the  last  article. 

Example  1.     Consider  the  conic 

3?  +  4&y  +  4f  +  \x  +  6y  +  7 = 0. 


Here 
and 


A,(X)«    1-X,      2 
2,       4-X 
Ao(\)=    1-X,       2,       2 
2,       4-X,   3 
2,  3,       7 


=  A(A-5), 
=  -  1  4-  terms  in  X. 


Thus  the  quotient  h^hi  is  1/5X ;  consequently  the  conic  is  a  parabola  and  its 
reduced  form  is 

5^V24-2^2/\/5  =  0, 

so  that  the  latus-rectum  is  2/5*. 

Example  2.  Let  us  find  the  conditions  that  a  quadric  may  be  a  surface  of 
revolution. 

This  requires  that  two  of  the  roots  Cj,  c2,  c3  shall  be  equal;  say  Cf=C\. 
Then  since  the  invariant-factors  of  A!  (X)  are  linear  (Art.  26)  the  factor  (X  -  cx) 
must  divide  every  first  minor  in 

a  —  X,  h,  g 
h,  6-X,  / 
9,         /i      c  -  X 
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Thus  we  must  have 

gh-(a-Cl)f=Q,     hf-{b-ei)g=Oy    fg-{c-cx)h  =  0 (1). 

Or,  if  none  of/,  g,  k  are  aero, 

cx  =  a-gh\f=b-hfig  =  c-fg\h (2). 

When  these  conditions  are  satisfied  the  other  three  minors,  such  as 

(ft -«!)(« -«*)-/■, 

are  also  zero ;  and  so  the  conditions  (2)  are  both  necessary  and  sufficient. 

But  if/,  say,  is  zero  we  must  have  gh  =  Q,  so  that  g  or  h  must  also  be  zero  ; 
take/=0,  ^  =  0,  h^O.     Then  we  get  c-Ci  =  0,  and  from  the  other  minors 

(a-c)(b-c)-h2  =  0 (3). 

If  all  of/,  g,  h  are  zero,  two  of  the  numbers  a,  6,  c  must  be  equal. 

Example  3.     The  determination  of  the  form  of  a  plane  section  of  a  quadric. 

Take  the  quadric 

(«i  ftj  C,/,  <7,  ^S#i  y,  2)'2  +  2(u,v+v//+}rz)  +  d  =  0, 
and  the  plane  Lb  +  my  +  ftg  +  p  =  0, 

where  we  shall  assume  for  simplicity  of  statement  that  l'1-\-m2-\-n'1  =  \. 

If  now  we  write  #j  =  £g  +  my  -f  R«  +J0, 

we  can  introduce  a  set  of  orthogonal  coordinates  #i,  .r2 ,  .t*3,  such  that  #i,  x% 
arc  measured  along  any  rectangular  axes  in  the  plane  of  the  section. 
Suppose  that  the  equation  to  the  quadric  becomes 

2 aTtXrXl  +  22 urvr  + 1  =  0,  (/*,  5  =  1 ,  2,  3), 

the  conic  to  be  discussed  is  thus 

<iu.i\i  +  Zav>.i-xx.1-\-a->.,.v.r  +  :l  (>/,.r,  -f  >/.,.r.2)  +  tf=0, 

and  tin-  two  fundamental  determinants  of  Art.  29  arc 

A,(A)  =    an-\,      "\i        ,     A„(X)  =  I  «ii  —  X,      «]2,        "i     ■ 

//,,        tea,       £ 
But  these  arc  tlie  minors  of  CZ33  —  X  in  the  two  determinants 


"11  -X,      au,         au 


"ji,      £%g  — X, 


and       f^n  -  A,       </,..,  ^, ;,  >/, 

Ojii         ttfj      A,  Ojs,  //._, 

«81,            ".;_•,  ";::;      A,  //;. 

//,,               //,,  M8j  / 

Thus,  since                        -",,'■,•'•,    X2#r*+22ttrirl.+/  (/•,  .<  I, 
bransformatioo  of 

K  /',  'S  /  ;/,  /'f ' ,  //-         fc     '  \->f  +  «*)  -I-  2  ( ux  +  py  +  wz)  +  d, 
with  l.r  +  mt/  +  nz+/>, 
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a-X,  k,         g,  I  i (4), 

h,  b-\,      f,  m  \ 

g,  f,  c-X,  n  ! 

/,  «i,         n,  0  ' 

and  -A0(X)  =    a- A,      h,        g,       «,     J      (5). 

h,       b  —  X,     /,       0,    m 
#,         /i      c-X,  w,    « 

Z,        w,       ??,      p,    0 

From  (4)  and  (5)  we  can  obtain  the  reduced  forms  as  in  Art.  29. 

To  illustrate  still  further,  let  us  take  a  central  surface  referred  to  its 
principal  axes,  so  that 

/=0,    #  =  0,     A  =  0,     w  =  0,     0  =  0,     w  =  0. 

Then  we  find 

Al(\)  =  2l2(b-\)(c-\)  =  2l2bc-\2l2{b  +  c)  +  \2, 

A„(\)  =  d.Ax(\)+p2(a-\)(b-\)(c-\). 

Thus,  assuming  no  special  relation  between  the  plane  and  the  surface  we  get 
the  reduced  equation 

ci?/i2  +  c2tf  +  c3=0 (60, 

where  c, ,  c2  are  roots  of  Ai  (X)  =  0  and 

c3=d  +  abcp2/2l2bc (6,,). 

If  the  section  is  parabolic,  we  must  have  2l2bc  =  0,  or  2P/a=0  and  then 

2£2  (p + c)  *  (be +ca  +  ab)  2l2/a  -  abctPja*  =  -  dbctPja*. 

Thus  from  A,  (X) = 0  we  get      cx  =  -  abctPja\     c2  =  0, 

and  80=p2abr,     b\  =  -  X2^2  (6  +  c)  =  \abc2l2/a2, 

50  _        £>2«6c        _  1     jt>2 


so  that 


8X     abc(2l2/a2)\      \2l2/a2' 
Thus  the  reduced  equation  is 

-  a&c  (2ZW)  V!2  +    2i?3/2  .  =  0. 

K     '     ,JX      (212 /a2)* 


■(7), 


so  that  the  latus-rectum  is  -^  (2l2/a2) ~§.       (Math.  Trip.  1889  and  1898.) 

Example  4.     Circular  sections  of  a  quadric  referred  to  its  principal  axes. 

Here  we  have  /=0,    #  =  0,     h  =  0,     u  =  0,    v  =  0,     w  —  0. 

If  AX(X)  (equation  (4)  above)  is  to  have  equal  roots  all  the  first  minors 
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(except  those  arising  from  the  last  row  or  column)  will  have  a  common  factor ; 
thus  the  six  11111101*8 

{b  -  X)  n2  +  (c  -  X)  m2,  etc.,     (a  -  X)  mn,  etc. 

have  a  common  factor.     This  leads  at  once  to  the  three  solutions 

(i)      a-\  =  0,      1  =  0,     (a-b)n2  +  (a-c)m2  =  0, 

(ii)     6-X=0,     m«0,      (b-a)l2-\-(b-  a)n2=0, 

(iii)     c-X  =  0,     7i  =  0,      (c-a)m*+(c-b)P=0. 

Of  these  only  one  can  give  real  sections ;  this  one  is  the  second,  if  a,  A,  c  are 
arranged  in  order  of  magnitude ;  and  then 

V,"s=— <»>• 

<(-b      b  —  c      a-c  w 

Thus  A!(X)  =  (6-X)2, 

and  Ao(X)  =  d(&-X)2+j02(a-X)(&-X)(c-X), 

so  that  the  quotient  So/^i  is  d+p2ac/b,  and  the  equation  to  the  circle  is 

I>W+y*2)  +  (d+p2ac/b)  =  0 (9). 

Example  5.     Find  the  angle  6  between  the  circular  sections  of  the  quadric 
2fgz  +  2gz.v+2h,iy  +  d=0.  (Math.  Trip.  1905.) 

If  this  equation  is  reduced  to 

C13/12 + c2y22 + c3?/32 + d = 0,        to  >  c2  >  c3), 
the  angle  0  is  given  by  tan2  £0  =  to  -  c»)/(c2-  c3) ;  in  virtue  of  equation  (8). 

Thus,  if  cos  $  =  t,  *  =  to-2c2  +  c3)/to-C3) (10). 

Now  cl5  c2,  c3  are  roots  of  the  equation 

-X,     h,      g    |=0, 
h,     -X,     / 
ff,       f,      -X  I 
so  that  2^  =  0,     2c2^3=-2/2,     cic2c3  =  2./#/'. 

From  the  two  equations 

Pi  +  c2+c3=0,     0,  (I-!)-  2c2+c3  (1+0-0, 
we  get                        Cl=-(3  +  0p»     c2  =  2tp,     c3  =  (3-t)  p, 
where  p  is  a  factor  of  proportionality.     Hence  we  find 
p2(9  +  3*2)=-2c2c3=+2/2,  J 
-p^(9-0=  4W:-=     .////'    J 


Thai  0080  is  a  root  of 

/9  +  atz\*__F(i)-t-f 
\  if*  )  =:    {fghf 


,(11). 
.(12). 
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The  six  roots  of  equation  (12)  are  found  from  (10)  by  permuting  cu  c2,  c:t 
in  pairs;  and  since  cu  c>,  c:i  are  real  it  follows  that  all  the  roots  will  be  real : 
but  only  two  of  them  lie  between  -1  and  +1,  and  these  two  are  equal  and 
opposite.  There  are  therefore  only  two  real  values  of  6,  which  are  supple- 
mentary. 

31.     Conies  and  Quadrics  (in  tangential  coordinates). 

If  a  quadric  is  given  by  its  tangential  equation  (in  plane- 
coordinates)  its  reduced  form  can  usually*  be  found  by  transformation 
to  point-coordinates  and  then  applying  the  method  of  Art.  29.  As 
a  matter  of  fact,  however  (quite  apart  from  the  special  cases  which 
would  be  excluded  by  this  method),  the  work  would  be  then  con- 
siderably longer  than  is  necessary.  It  is  therefore  worth  while  to 
give  a  direct  method  of  treatment,  particularly  as  in  this  form  the 
problem  is  rather  more  directly  connected  with  the  general  methods 
of  Chapter  in,  than  in  point-coordinates.  (Compare  Lindemann  in  his 
edition  of  Clebsch's  Vorlesungen  iiber  Geometrie,  Bd.  2,  pp.  254 — 266.) 

Let  «i,  #2,  #3  be  a  set  of  orthogonal  Cartesian  coordinates, 
uu  u2,  m3,  w4  being  the  associated  plane  coordinates,  so  that 

UXXX  +  U2CC2  +  2l:i,T3  +  U±  =  0 

is  the  equation  to  a  typical  plane. 

Then  in  transforming  to  another  set  of  orthogonal  axes,  the  .r's  are 
subjected  to  a  linear  substitution,  say 

*i  =  h\V\  +  h-JJ-i  +  h&a  t  h* 

#s  =  ha$\  +  kiVi  +  k#s  +  hi, 
and  thus  the  ufs  are  changed  into  v's  such  thatt 

n2  =  li2U\  +  4a  «a  +  l?>2u» 

x*3  =  l'\%1l\  "T  '2:1  "2       *SS**S 

V4  =  luUi  +  l2iu2  +  lMUz  +  tl4 , 

Further,  because  the  expression 

{lllXl  +  U2X2  +  U?IX-A  +  W4)/(?«i2  +  U-2   +  Ui)^ 

represents  the  length  of  the  perpendicular  from  (xx,  ,t2,  #s)  on  the  plane 
(#!,  u2,  us,  u4),  it  follows  that 

A  =  u?  +  u£  +  Us  =  v-c  +  v2  +  v?f (3), 

*  Cases  of  exception  occur  when  the  quadric  degenerates  into  a  conic. 
t  Because  w4  +  Sm.t  =  v4  +  2vv/. 


•(i); 


(2). 
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since  the  perpendicular  is  obviously  independent  of  the  particular  set 
of  axes  employed.     Hence  the  substitution  connecting  uly  u,,  u3  with 
>■    must  be  orthogonal;   and  its  determinant  is  therefore  ±1 
(see  Art.  29,  p.  73). 

Again,  the  determinant  of  the  substitution  (2)  connecting  vu  v«,  v3,  vA 
with  i^,   ifa 


?/:„    lt4    IS 

'11  >         '21  ) 

/::,, 

0 

= 

'11 1 

In, 

I* 

'is  j     *nt 

In, 

0 

'12) 

In, 

hs 

nil       '*:  5 

In, 

0 

la, 

'  Si ) 

In 

'It*         '24) 

'?A } 

1 

=  + 1 


.(4), 


according  to  what  we  have  just  proved. 

Now  if  the  quadric  has  the  tangential  equation 


B 


2   bnUr«t 
r,«sl 


0 


(5), 


where  bn  =  berf  it  follows  from  Art.  10  that  in  the  linear  substitu- 
tion (2)  the  determinant  \B-\A\  is  multiplied  by  the  square  of 
the  determinant  (4);  and  consequently  the  determinant  H-XA  is 
invariant  under  the  substitution  (2). 

Now,  regarded  as  a  form  in  four  variables,  A  is  semi-definite  and 
its  rank  is  3;  so  that,  by  Art.  27,  the  determinant  \KA  +pB\  may 
have  one  invariant-factor  equal  to  ^,  or  it  may  have  one  equal  to  /u.'2 ; 
and  in  the  latter  case,  the  coefficient  b44  must  be  zero.  The  remaining 
invariant-factors  are  of  course  linear.     Thus  we  have  the  two  cases  ■ 

First,  bu  #  0,  one  invariant-factor  /* ;  the  reduced  forms  are 

A  =  v?  +  v?  +  v3-,    B  =  Cj«,a  +  ^2»22  +  c&f  +  rv?v (6i), 

where  r,,  c,,  «-.,,  c4  are  given  by* 

r4(ci-k)(c,-\)(n,-X)  =  \B-XA\ (6„), 

so  that  c4  =  bu. 

Secondly,  l>u  =  0,  one  invariant-factor  /w.2;  the  reduced  forms  are 

A  =  v*  +  v.?  +  v.f,     B  =  csy  +  ryjv  +  2/vy\i (7,), 

where  clt  c2,  k  are  given  by  t 

-k*(c,-\)(c«-k)^\B-\A\ (7,), 

BO  that  ¥  'W  +  W  +  W 

*  Lindemann,  I.e.,  p.  255,  equation  ('da)  and  p.  258,  equation  (14). 
f  Lindemann,  /.<•.,  p.  200,  equation  (16)  and  p.  261  (foot). 
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It  is  now  easy  to  make  a  metrical  classification  of  all  quadrics  given 
by  a  tangential  equation:  — 


(i)     cA  =  bu  +  0 

2CrV=0           (»'=1,2,  3,4) 

<hi  c2,  c3  +  0 

Central  quadric 

cu  c24=0;   c3  =  0 

Central  conic 

cx  ^=0  ;    c2,  c:l  =  0 

Two  points 

Cl,    C-2,    C3  =  0 

Two  coincident  points 

(il)  644=0 

CXV{2  +  C>V22  +  2£v3V4  =  0 

cu  c2  +  0 

Paraboloid 

Ci  +  0;  c2  =  0 

Parabola 

cu  c2=0 

Two  points  ;  one  at  infinity 

We  have  excluded  the  case  in  which  |  B  -  \A  |  is  identically  zero  : 
for  then  B  =  0  will  be  a  conic  in  the  plane  at  infinity. 

The  corresponding  classification  for  conies  is  obtained  by  rejecting 
the  first  possibility  in  each  of  the  two  classes.  As  an  exercise,  the 
reader  may  obtain  the  results  of  Exs.  3 — 5,  Art.  30,  using  tangential 
equations. 

32.  To  illustrate  the  method  of  the  last  article,  we  take  two 
conies ;  the  work  for  quadrics  is  simply  heavier  without  being 
essentially  different. 

(i)  5«ia  +  5w22  —  u3  +  2iuh  +  Aujii  -  Huii(->  =  0. 


Here 


=  -(5 -A)  (10 -A) 


5-A,     -4,       2 

-4,     5-A,     1 

2,  1,       -1 

is  the  working  determinant,  thus* 

Ci  =  5,     c.2=10,     c3  =  -l, 

and  the  reduced  form  is 

5vx2  +  10v22  -  vs2  =  0, 
representing  an  ellipse  of  semi-axes  v75,  ^/l^- 

(ii)  5ux2  +  2iias  —  2u2u3  +  ku3ux  +  §uxu2  =  0. 

Here  the  determinant  is 


5-A,       3,        2 
3,       2-A,   -1 
2,        -1,       0 


5  (A -5). 


*  Of  course  in  working  with  conies  w3,  c3  correspond  to  m4,  c4  of  the  work  with 
quadrics. 


B. 
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Hence  r,  -  5,  /'2  =  5 ;  and  the  reduced  form  is 

or  J5ir  +  2i\vv3  =  0, 

representing  a  parabola  of  latus-rectum  2^/5. 

33.  In  dealing  with  conies  and  quadrics  other  problems  present 
themselves  which  can  be  solved  by  the  methods  explained  in  Chapters 
i — iv*.  We  may  mention  the  metrical  classification  of  conies  and 
quadrics  expressed  by  means  of  equations  in  homogeneous  coordinates. 
For  details  of  the  work  the  reader  may  consult  a  paper  by  the  author  t ; 
but  it  may  be  sufficient  to  say  that  if  the  point-coordinates  xu  a?9,  .r.{ 
are  areals  and  the  equation  to  a  conic  is 

lOnPrB,  =  0,         (r,  8=1,  2,  3), 
then  the  determinants  (6)  and  (7)  of  Art.  29  are  replaced  by 


MA) 


flh 


Mi, 


and 


where 


Aj  (A)  -  -     (hi  — ^it 

On  , 

1, 

/•,     be  cos  A,    L 


On 
On  -  A/' 


On, 

-  \t 

On, 

Osa, 

I, 

ca  cos  />\     /•..     ^/>  cos  C. 


OlS, 

1 

",::, 

1 

«m     A/-.j, 

1 

I, 

0 

In  tangential  coordinates   //,,  //..,  //■■,  the  determinant  replacinj 
B-XA  |  in  equations  ((I.,),  (78),  Art.  31,  is 

1 


IDA1 


an  -  Art2,        »!,  +  kit/t  cos  C,   aM  4-  kca  cos  /> 

'/._.,    :   Wm<  a,,-  A//',  OjjH   AArcos.l 

o,j  +  Xca  COS  />,    <!■,,  \  Xbc  cos  /l,         a-,-,     Ac'-' 

where  a  is  the  area  of  the  triangle  of  reference. 

Another  problem  is  the  metrical  classification  of  conies  and  quadrics 

in  elliptic  and  hyperbolic  (non-Euclidean)  space;  for  details  the  reader 

Miisidt  another  paper  by  the  author  J.     It  may  be  useful  to  add, 

that  in  hyperbolic  -pace,  the  classification  is  algebraically  the  same  as 

the  classification  of  bicircular  qnartica  given  in  the  following  article: 

*  The  reader  will  find  ninny  applications  in  Lindtniann's  edition  of  Clebsch's 

nuini  fiber  OeometrU,  Bd.  'J.  pp.  815    888. 
t  Proe.  Comb.  Phil.  8oe.t  rol,  r,  L9#0,  p.  849.     Some  differences  of  notation 
from  the  above  will  be  round  in  tbii  piper. 

Inter,  Math.  8oe.,  rol.  ro,  July,  L905,  p.  275. 
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but  there  are  no  cases  to  be  rejected  as  representing  degenerate 
surfaces  (see  the  note  at  the  foot  of  this  page). 

34.     Bicircular  quartics  (or  cyclic  curves). 

These  quartics  have  nodes  at  the  circular  points,  and  consequently 
their  equations  are  of  the  type 

(x2  +  ff  +  2  (x2  +  f)  (lx  +  my)  +  (a,  b,  c,  /,  g,  h^x,  y,  If  =  0. . . (1), 
referred  to  ordinary  Cartesian  coordinates.     The  coefficients  in  (1)  will 
be  supposed  real,  and  we  shall  introduce  z  to  make  the  equation  homo- 
geneous, and  shall  then  write  x2+y2  =  2tz,  so  that  (1)  becomes 

it2  +  it  (lx  +  my)  +  (a,  b,  c,f  g,  h^x,  y,  z)2  =  0 (2). 

We  are  thus  led  to  discuss  the  two  quadratic  forms 

A  =  x2  +  y2  -  2tz, 

•(3). 


B  =  (a,  b,  c,  /,  g,  h\x,  y,  z)~  +  it  (lx  +  my)  +  M 
The  determinant  I B-XA  I  is 


ft 

21 

/, 

2m 

c, 

+  A 

h- A, 

4 

(4), 


-  A  +  <7,        h, 
k,        -\  +  b 

g,        f, 

21,  2m, 

and,  since  the  signature  of  A  is  2,  this  determinant  has  at  least  two 
real  invariant-factors  of  odd  degree,  in  consequence  of  Klein's  theorem 
(Art.  28). 

Thus,  from  the  general  list  of  types  for  four  variables,  we  must  omit 
the  cases  [22],  [(22)],  [4]  and  the  singular  case  (because  |^lj  =  -l); 
and  of  course  [(1111)]  is  geometrically  superfluous.  Further,  there 
can  be  two  cases  only  with  complex  invariant  factors,  namely  [111!] 
and  [(11)  II],  where  the  bar  indicates  a  pair  of  conjugate  complex 
roots. 

The  following  are  the  only  cases  of  interest  from  a  geometrical 
point  of  view*:  — 

[1111]  The  general  bicireuhir  quartic  with  two  branches  (and 

four  concyclic  real  foci).     The  reduced  equation  is 
cxA7  +  <vYo2  +  c3X32  -  C4X42  =  0  j 

where  X?  +  X?  +  X?  -  X42  -  Oj (5l)' 

and  (A-G'i),  (A -Co),  (A  —  d),  (A-c4)  are  the  factors  of  (4). 

*  If  (X  -  c)  is  a  factor  of  every  first  minor  in  (4),  the  form  (cA  -  B)  contains  only 
two  variables,  and  so  factorizes  ;  these  cases  are  indicated  by  the  presence  of  round 
brackets  in  the  symbols  of  Art.  18  ;  the  quartic  then  degenerates  into  two  circles. 
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[11  11]  The  general  bicircular  quartic  with  one  branch  (and  four 

real  foci  which  arc  not  concyclic).     The  reduced  equation  is 

d2?  ♦■  c*I?  i  a  (X,8    X!)  +  '2[LY,X,  =  0) 


where  27  i  Xf  +  Xs*     Z?  =  0)  '"(5'-i)' 

and  (X-d),  (A-r,),  [(X  -  a)2  +  /?2]  are  the  factors  of  (4). 

[211]  The  nodal  bicircular  quartic  (e.g.  a  limacon*) ;  the  reduced 

tviuatioii  IS 

C,2?  +  r,.\7  -  2r,X,X4  +  hXf  =  0) 

where  Zia+  .1?-  2X3X4-  0) 

and  (A.  -  cA),  (A.  -  c2),  (A  -  r:f)2  are  the  factors  of  (4). 

This  quartic  is  the  inverse  of  a  central  conic. 
[31]  The  cuspidal  bicircular  quartic  {e.g.  a  cardioid*);   the 

reduced  equation  is 

dXr  +  c,  (X-  -  2XX4)  +  2XX;  =  0| 

where  X,2  +  X22  -  2X3X4  =  0) ^' 

and  (k-Ci\  (A -<?._,)■'  are  the  factors  of  (4). 

This  quartic  is  the  inverse  of  a  parabola. 
The  equations 

Xx  =  0,  X2  =  0,  X3  =  0,  x4  =  0 

represent  circles  or  straight  lines  ;  the  first  form  of  the  Identity  (f>,  and 
5a)  implies  that  the  four  circles  are  mutually  orthogonal,  the  first  three 
being  realt :  in  the  second  identity  X:{  and  X4  are  point-circles  at  the 
intersections  of  X,  and  Xa  (which  are  orthogonal). 

For  details  as  to  the  theory  of  bicircular  quartics  the  reader  may 
consult  Salmon's  Higher  Plane  Curves  (Arts.  269  -282)  and  Casey's 
paper  (Trans.  Royal  Irish  Academy,  vol.  xxiv,  1869,  p.  457).  However, 
the  foregoing  theory  is  more  closely  associated  with  the  discussion  of 
Cyclides  in  Salmon's  Geometry  of  Three  Dimensions  (hits.  562  f>66). 
The  geometrical  interpretation  of  the  algebraic  transformations  used 
above  will  be  found  in  Chapter  II  of  Boclier's  hook  quoted  in  the  next 
article:  in  spite  of  its  elegance,  an  account  of  this  would  occupy  fcoo 
much  space  here. 

*  The  lima<?on  and  cardioid  have  cusps  at  the  circular  points :  hut  this  does  not 
lead  to  any  special  feature  from  on  present  point  of  view.  By  inversion  these 
fan  be  reduced  to  do 

t  Tin-  fourth  lias  real  coefficients,  i>nt  doesnol  p*M  through  any  real  points; 
toi    instance,  x'2  +  y2+l  =  0. 
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By  inversion  and  change  of  axes,  the  four  circles  X  can  be  reduced  to 
the  symmetrical  types 

Xx=xt    X2=y,    X3=%(*j*+f-l)y    X4=i(^+ya+l)  ...^aaddj), 

or       X1=x,     X2=y,     A"3=4(j;2+y2),  X4=l (53  and  54). 

In  the  former  case  we  can  associate  points  on  the  plane  with  points  on  the 
sphere  £2  +  ?72-r-C2=l,  by  writing 

and  this  transformation  is  equivalent  to  a  stereographic  projection  (or 
inversion)  from  the  vertex  (0,  0,  1).  Then  the  quartics  are  the  projections  of 
the  intersections  of  the  sphere  with 

either  the  cone  (cx  -  c4)  £2  +  (c2  -  c4)  7*  +  (o3  -  c4)  £2  =  0 (5X), 

or  the  paraboloid        (ci  -  a)  g2  +  (c2  -  «0  v2  +  2/3£  =  0  (52). 

From  this  projection  it  is  at  once  evident  that  the  curves  (5i)  consist  of 
two  ovals  ;  and  (52)  of  one  oval  only. 

The  quartics  confocal  to  (5^  are  given  by  the  confocal  cones 

f2/(i?+x)+f?2/(?+x)+c2/(^+A)=o, 

where  P-1  =  ^i-t'4,     q~1=c2-ci,     r~1  =  c3-ci; 

and  the  quartics  intersect  orthogonally,  because  the  cones  cut  orthogonally. 
The  16  foci  of  these  quartics  lie  by  fours  on  the  circles  Xu  X2,  A"3,  X^;  and 
the  quartics  are  their  own  inverses  for  these  circles.  In  the  symmetrical 
case,  the  four  real  foci  are  collinear  and  are  given  by 

(p-qfix=  ±(p-r)?±(q-?')i,  (p>q>r). 

Figures  of  the  symmetrical  set  are  to  be  found  on  p.  133  of  A.  C.  Dixon's 
Elliptic  Functions  and  on  p.  72  of  Bocher's  book  quoted  in  Art.  35.  If  this 
set  is  inverted  we  get  the  general  type  of  confocal  quartics  for  which  the 
real  foci  lie  on  one  of  the  circles  of  inversion  (Bocher,  p.  74). 

The  16  foci  of  (52)  lie  on  the  circles  Xlt  X2,  JTgj-tJTj  ;  and  by  using  the 
circles  of  reference  X3±iXA  (instead  of  Ar3,  X4)  the  confocals  can  be  brought 
to  the  same  algebraic  type  as  those  of  (5X).  The  four  real  foci  in  the 
symmetrical  case  are  given  by 

(c1-c2)P(Zt-Z-*)  =  2[(c1-a)(c2-a)+j3*l        Z=x  +  iy, 

two  being  on  each  of  the  axes  of  reference.  It  may  be  noted  that  the  real 
foci  are  generally  not  concyclic,  but  will  lie  on  the  circle  X3  if  it  happens  that 

(ci-a)(c2-a)+/32  =  0. 

The  real  foci  are  then  harmonically  situated  on  their  circle  which,  of 
course,  is  not  a  circle  of  inversion.  Figures  of  these  confocals  are  given  by 
Dixon  on  p.  134,  and  by  Bocher  on  p.  73 ;  in  Bocher's  figures  the  foci 
are  concyclic. 
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The  confocals  of  (5;!)  are  given  by 

.\V(/>  +  X)  +  ^/(</  +  X)  +  .V32  =  0, 
where  kp  '  -^e,  -  c:;,     kq    l=<^  —  <%; 

and  the  two  real  foci  in  the  symmetrica]  case  are  given  by 

By  projecting  the  Bpherical  figures  of  (6j)  and  (6j)  from  a  focus  as  vertex 
we  obtain  Bets  of  confocal  Cartesian  ovals.  It  is  easy  to  prove  that  the  con- 
focal  set  with  foci  on  ,y  =  0  at  x=0,  1,  c,  oo  is  given  by 

Tr,A  +  A7/(A-c)  =  ^77(>  - 1),      XJ+Xf+Xf-XA 

where  c^  X\  =  £  (x2+y-  -  c),     (c2  -  c)fl  X.  =  £  (x^+y1  -  2cx -f  c), 

An  interesting  set  of  bieircular  quartics  which  have  tfwo  foci  (.<;=  ±  1,  y  =  0) 
in  common,  but  are  no£  confocal,  is  the  set  of  Cassinian  ovals 

which  belong  to  the  type  (6%)  if  c-<l,  to  (f>2)  if  c2>l,  and  to  (63)  if  e*=l. 
The  general  form  of  these  curves  is  well  known  (see  for  example  Edward's 
Differential  Calculus,  Art.  458). 

35.     Cyclides*. 

These  surfaces  in  space  are  analogous  to  bieircular  quartics  in 
a  plane ;  the  imaginary  circle  at  infinity  is  a  nodal  curve  on  the  surface. 
The  equation  to  a  cyclide  in  rectangular  Cartesian  coordinates  xlt  x.,,  #„ 
is  of  the  form 

4 

(./■,-  +  xj  +  xff  +  2 (xi+w*  +  Xt) (/, x-i  +  /./-.w/'o  +  l3x3)x4  +  .v.,'-'  2  artxrxt    < >, 

- .     i 

where  x*(=  1)  is  inserted  to  make  the  equation  homogeneous. 
Thus  if  we  write  X\  +  x22  +  x}     2xAx5i 

4 

we  get  2   <ir8xrx8  +  4  (4#,  +  /2«r..  +  4#3) x5  +  l./.r     I >, 

r,  s=l 

as  the  equation.     If  now  we  discuss  the  two  quadratic  forms 

Jx  —  X\    "t  «2?o    +  1^3"       £iX\X*, 

4  t (1), 

B  =   2  ar8xrx8  +  4  (/,./•,  +  /../•..  i  /,./::J)  ,r5  +  4.r.-,-' 

r,«=l  ) 

*  For  a  fuller  discussion  of  the  classification  of  cyclides,  see  Segre,  Math. 
Annate*,  Bd.  24,  1884,  pp.  BID     in. 
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the  determinant    B  -  XA  I  is  seen  to  be 


#31, 
«41, 

2/„ 


$12, 
$42, 

2/2, 


«18, 

$23) 

24, 


$14, 
#24, 

#34 ) 


24 

24 

24 

X 

4 


(2). 


In  virtue  of  Klein's  theorem  (Art.  28),  this  determinant  has  at  least 
three  real  invariant-factors  of  odd  degree,  because  the  signature 
of  A  is  3;  and  since  |J|  =  —  1,  the  determinant  (2)  cannot  vanish 
identically. 

Thus,  from  the  list  given  in  Art.  23,  we  must  reject  all  character- 
istics of  the  types  [221],  [32],  [41],  [5],  and  the  singular  cases  [{3)11], 
[{3}2],  {5},  making  13  cases  to  be  omitted  in  all.  But  we  may  have  a 
pair  of  conjugate  complex  roots,  represented  by  [111  11],  which  gives 
3  cases  (by  adding  round  brackets  where  possible) ;  thus  we  have  in 
all  20  cases  (omitting  [(11111)]).  Of  these,  the  cases  of  geometrical 
interest  are 

[inn],    [niTT],     [(li)in],    [(li)IIi],    [(ii)(ii)i], 

[2111],        [2(11)1],      [(21)11],        [(21)  (11)], 
[311],  [3(H)],         [(31)1]; 

since  the  other  <S  cases  consist  only  of  combinations  of  spheres, 
planes  and  points*. 

We  shall  not  go  further  into  the  exhibition  of  reduced  forms  and 
simply  refer,  for  fuller  details  and  diagrams,  to  Chapter  iv  of  Bocher's 
book,  Die  lielJientwickelungen  der  Potentialtheorle  (Leipzig,  1894)  t. 
The  geometrical  theory  is  developed  in  Arts.  560 — 567  of  Salmon's 
Geometry  of  Three  Dimensions.  See  also  Casey's  memoir  (Phil. 
Trans,  vol.  clxi,  1871,  p.  585)  and  Darboux's  monograph  (Stir  une 
classe  remarquable  de  courbes  et  de  surfaces  algebriques ;  Paris,  1873 
and  1896). 

*  It  will  be  seen  that  in  each  of  these  8  cases,  the  second  minors  of  (2)  have  a 
common  factor  (\-c),  so  that  (cA-B)  contains  only  two  variables  and  so  breaks 
up  into  linear  factors.     Compare  notes  on  pp.  83  and  89. 

t  Mr  J.  Fraser  has  discussed  the  reduction  both  for  cyclides  and  bicircular 
quartics  in  the  case  of  unequal  roots  {Proc.  Royal  Irish  Acad.  vol.  xxiv,  section  A, 
pp.  71 — 84,  1904).  His  method  leads  to  the  same  determinants  as  (2)  above  and 
(4)  of  Art.  34  ;  but  it  would  require  considerable  modification  to  give  the  reduction 
when  two  roots  of  the  determinant  are  equal. 
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It  may,  however,  be  remarked  that  .-ill  the  cases  except  the  firsl 
two  [11111],  [11111]  can  be  obtained  by  inverting  ojiadric  surfaces. 
Thus  we  have  the  table  : — 


Characteristic 

Inverse  surfuce 

Other 
nodes* 

[(11)111] 
[(11)111] 

[(H)  (11)1] 

[2111] 

[2  (11)  1] 

[(21)  11] 

[(21)  (11)] 

[311] 

[3(H)] 

[(31)  1] 

fConc 

Cone  of  revolution 

Ellipsoid  or  Qyperboloid 

Ellipsoid  or  Hyperboloid  of  revolution 

Elliptic  or  Hyperbolic  cylinder 

( Urcular  cylinder 

Paraboloid 

Paraboloid  of  revolution 

Parabolic  cylinder 

2 

4 
1 
3 
1 
3 
1 
3 
1 

The  third  case  [(11)  (11)  1]  which  is  found  by  inverting  a  circular 
cone  lias  some  special  points  of  interest  ;  it  is  known  as  Dupin's 
Cyclide.  This  surface  is  met  with  in  many  comparatively  elementary 
problems  and  may  be  defined  in  several  simple  ways;  for  example,  it  is 
the  envelope  of  a  sphere  whose  centre  lies  in  a  fixed  plane  and  which 
touches  two  lixed  spheres  (cf.  Salmon,  I.e.  Art.  567).  From  this  defi- 
nition, taking-  the  fixed  plane  perpendicular  to  the  line  of  centres  of  the 
iixed  spheres,  we  see  that  the  anchor-ring  or  tore  is  a  Dupin's  cyclide  ; 
it  would  seem  at  first  sight  that  the  tore  is  a  special  type,  but  this 
is  nut  so  from  the  algebraic  point  of  view;  and  as  a  matter  of  met  the 
tore  can  he  inverted  into  the  general  Dupin's  cyclide. 

Dupin's  cyclide  occurs  in  the  solution  of  Maxwell's  problem 
of  finding  two  curves  such  that  the  congruence  of  lines  meeting  the 
curve-  can  be  cut  orthogonally  by  a  family  of  surfaces  (Quarterly 
Journal qf  Mathematics,  vol.  ix,  1867,  pp.  111—126).  As  is  now  well 
known,  the  two  curves  must  be  conies  in  perpendicular  planes,  related 
in  the  Bame  manner  as  focal  conies  of  a  confocal  system  ofquadrics; 
and  the  surfaces  orthogonal  to  the  congruence  of  lines  form  a  confocal 
family  of  Dupin's  cyclides.  The  reader  will  find  attached  to  Maxwell's 
paper  wme  good  diagrams  of  the  surfaces. 

*  One  of  these  nodes  is  at  the  centre  of  inversion  ;  if  the  original  surface  is  a 
paraboloid  or  cylinder,  the  node  is  biplanar  (a  binode,  Salmon,  Art.  522);  if  the 
original  surface  is  a  parabolic  cylinder,  the  node  is  uniplanor  (a  unode). 
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36.     Quadratic  line-complexes. 

If  /,  m,  n,  l',  m,  n  denote  the  six  Cayley-Plucker  coordinates  of 
a  line*,  the  general  quadratic  complex  is  given  by  B  =  0,  where  B  is  a 
quadratic  form  in  the  six  variables  /,  ?n,  n,  V ',  m',  n.  For  the  purpose 
of  classification  we  note  that  the  six  variables  are  not  independent  but 
are  connected  by  the  identity  A  -  0,  where 

A  =  11'  +  mm'  +  nri. 

Thus  the  classification  will  be  made  by  the  invariant-factors  of  the 
determinant  \B  —  \A\.  The  form  A  has  zero  signature,  so  that  Klein's 
theorem  (Art.  28)  places  no  restriction  on  the  types  of  invariant- 
factors  ;  but,  in  order  to  avoid  degenerate  complexes,  we  must  reject 
those  cases  where  a  factor  of  the  determinant  is  also  a  factor  of  all  the 
third  minors  f.  On  this  account  we  must  omit  the  following  nine 
possibilities 

[(nii)ii],    [(uii)(ii)],    [(liui)i],    [(nun)], 

[(2111)1],       [2(1111)],  [(21111)], 

[(2211)], 

[(3111)]. 

No  singular  cases  will  occur,  since  the  determinant  of  A  is  - 1  ; 
and  thus,  of  the  66  cases  mentioned  in  Art.  23,  we  must  omit  the  9 
above  and  the  8  singular  cases,  leaving  49  cases,  as  found  by  Klein, 
Weiler  and  Segre.  If  the  question  of  reality  is  considered  the  number 
of  cases  will  be  larger. 

For  fuller  details  the  reader  should  consult  Chapter  xi  of  Jessop's 
Line  Complex  and  the  original  papers  quoted  there.  However  two 
familiar  complexes  may  be  mentioned : — 

(i)  the  complex  of  normals  to  a  set  of  confocal  quadrics  (a  special 

case  of  the  tetrahedral  complex),  [(11)  (11)  (11)], 
(ii)  the  complex  of  tangents  to  a  quadric,  [(111)  (111)]. 

*  The  equations  to  the  line  can  then  be  written  (in  Cartesians) 

I'  —  mj  -mz,  m'  =  lz-nx,  n'  =  mx-  ly. 
t  E.g.  [(1111)  11]  gives 

B  =  cx  (kxxx2  +  k2x.f  +  ksx32  +  &4.t42)  +  c5 k5x52  +  c6 k6x62, 
A  =  kx  xx2  +  k2x22  +  ksx^2  +  k^xf  +  k5x^z  +  kex$2, 
and  so  the  equations  B  =  0,  A=0  lead  to 

(c5  -  Cj)  k5x2  +  (cQ  -  cx)  k6x62  =  0, 
which  degenerates  into  two  linear  complexes. 
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If  B  =  0  gives  the  tangents  to  a  quadric,  it  is  not  difficult  to  see 
that  a  line  will  be  its  own  polar  with  respect  to  the  quadric  (and  there- 

fore  a  generator)  when  the  six  equations  such  as  -JB-XA)  =  0  are 

satisfied.  Now,  since  any  root  of  \B-\A\  is  also  a  root  of  all  its 
second  minors*  it  follows  that  these  six  equations  reduce  to  four 
independent  equations  ;  these  give  two  values  for  A  and  then  three  of 
the  coordinates  of  a  generator  can  be  expressed  linearly  in  terms  of  the 
other  three.     Thus,  for  the  central  qnadric 

(*,  h  c,f,  <j,  h  \  x,  y,  z)z+d  =  0, 
we  find  B  =  (aP  +  Mm  +  ...)d+(bc  -/*)  P  +  2  (fg - ch)  I'm  +  . . . . 
Hence  the  conditions f  for  a  venerator  are 


Xs 


XI'  =  d(al+  km  +  gn),  etc. 


a,    h,    g,     0 
h,     b,    f,    0 

</>    /,     '•>     (> 
0,     0,     0,     d 

For  the  non-central  quadrics  it  does  not  seem  to  be  easy  to  find  a 
simple  symmetrical  form  for  the  result. 

37.  Application  to  the  dynamical  problem  of  small  oscil- 
lations of  a  system  with  n  degrees  of  freedom  about  a  position 
of  equilibrium. 

This  problem  is  known  to  depend  on  the  consideration  of  two 
•  quadratic  forms X,  the  kinetic  energy  and  the  potential  energy  (see  Routh, 
Rigid  Dynamics,  vol.  I,  Chap,  ix,  vol.  2,  Chap,  n  ;  Whittaker,  A  nalytical 
Dynamics,  Chap.  vn).  The  fact  that  the  n  velocities  (instead  of  the  n 
coordinates)  appear  in  the  kinetic  energy  will  not  aifect  the  algebraical 
problem,  as  they  are  transformed  by  the  same  substitution  as  the  n 
coordinates. 

So  consider  two  quadratic  forms  V,  the  potential  energy,  and  7T,  the 
kinetic  energy,  but  with  the  n  coordinates  in  the  place  of  the  corre- 
sponding velocities.     Then  it  is  easy  to  see  that  the  equation 

WT-  V\  =  0 

*  Because  \B-\A\  has  the  characteristic  [(111)  (111)] ;  which  means  that  if 
(X-c)3  is  a  factor  of  the  determinant,  then  (X-c)*2  is  a  factor  of  every  first  minor, 
and  (X  -  c)  of  every  second  minor.  It  shews  also  that  there  are  only  two  distinct 
roots  for  X. 

t  St  John's  College  Examination,  Cambridge,  1897;  Mathematical  Tripos,  1898. 

t  Of  course  we  make  the  usual  assumptions,  that  the  kinetic  energy  is  calculated 
in  the  position  of  equilibrium  ;  and  that  the  potential  energy  is  expansible  near  that 
position.  Then  V  is  not  the  actual  potential  energy,  but  merely  the  quadratic 
terms  in  the  expansion  of  the  potential  energy. 
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is  the  same  as  Lagrange's  determinantal  equation  for  the  periods  of  the 
system,  where  \  =  p'2  and  the  period  is  2ir/p.  But,  since  T  denotes  the 
kinetic  energy  (modified  by  the  substitution  of  coordinates  for  velocities), 
it  is  clear  that  the  coefficients  in  the  two  forms  T,  V  are  real ;  and  that 
T  cannot  vanish  for  any  real  values  of  the  coordinates  (other  than 
zero). 

Consequently  the  results  of  Art.  26  shew  first  that  all  the  values 
of  A  are  real;  and  secondly  that  all  the  invariant-factors  of  the 
determinant  \\T  -  V\  are  linear.  It  does  not,  of  course,  follow  as 
yet  that  all  the  values  of  p  are  real,  since  some  of  the  values  of  A 
may  be  negative. 

Now,  if  cx,  c2,  ...,  cn  denote  the  roots  in  A,  in  virtue  of  Art.  26 
the  quadratic  forms  may  be  reduced  by  a  real  substitution  to  the  types 

T  =  a.y,2  +  a,yi  +  ...  +  <iayn2  ) 

V=  ax<hyx  +  <h<hy*  +  ...  +  ciHcny,r  I  * 

where  the  coefficients  a1}  a%> ...,  an  are  all  positive,  because  T  is  a 
positive  form.  For  the  periods  to  be  real,  c1}  c2,  ...,cn  must  be  positive 
and  thus,  in  order  that  the  periods  of  the  system  may  be  real,  it  is 
necessary  and  sufficient  that  the  form  V  may  be  positive,  as  ivell  as  T ; 
or,  as  the  condition  is  usually  stated,  the  potential  energy  must  be  a 
minimum  for  stable  equilibrium.  If,  as  occasionally  happens*,  V  is 
positive  but  semi-definite,  no  oscillation  will  take  place  in  certain  of  the 
coordinates. 

It  must  not  be  forgotten  that,  if  some  of  the  c's  are  negative,  the 
approximate  equations  which  are  used  for  the  calculation  of  the  periods 
will  generally  cease  to  be  true  after  a  certain  time.  For  it  is  assumed 
in  making  the  approximations  that  the  coordinates  remain  small 
throughout  the  motion.  But  if  cx  =  -  1  say,  the  approximate  equation 
of  motion  for  the  coordinate  yY  is 

which  gives 

yx  =  A  cosh  t  +  B  sinh  t ; 

so  that,  unless  the  disturbance  is  of  such  a  character  that  A  +  B  =  0, 
the  coordinate  yx  will  increase  as  the  time  t  increases,  and  consequently 
the  primary  assumption  ceases  to  be  valid  after  a  certain  time  has 
elapsed,  no  matter  how  small  the  original  disturbance  may  be.    In  such 

*  For  example  consider  a  sphere  rolling  inside  a  horizontal  cylinder  ;  if  the 
sphere  is  displaced  parallel  to  the  generators,  there  will  be  no  oscillation. 
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is  a  different  method  of  treatment  has  to  be  applied,  if  we  wish  to 
determine  an  approximation  to  the  complete  motion  of  the  system. 

When  rJ\  V  are  reduced  to  the  types  in  (L)  above,  the  coordinates 
Jh >//->,  •  ■■,!/»  then  appearing  in  them  are  called  normal  or  principal 
coordinates  ;  from  our  investigations  of  Chapter  in  it  is  clear  that,  in 
all  the  roots  of  ,  XT-  V\  «0  are  different,  then  T  and  Tcaii  be 
reduced  simultaneously  to  sums  of  squares  by  real  transformations 
(since  the  roots  of  |  XT-  V\  =  {)  are  real).  But  if  these  roots  are  not 
all  different  the  types  of  Chapter  in  shew  that  it  would  apparently  be 
impossible  to  make  the  reduction  to  sums  of  squares  unless  some 
further  conditions  are  satisfied.  However  Weierstrass  has  proved  that 
this  reduction  is  always  possible  in  the  dynamical  case;  and,  in  fact,  if 
we  examine  the  reduced  forms  obtained  in  Chapter  in,  it  is  at  once 
obvious  that  a  positive  definite  form  cannot  be  brought  to  any  of  these 
types  by  real  transformations*,  except  to  those  corresponding  to  linear 
invariant-factors.  When  the  invariant-factors  are  linear,  the  two  forms 
can  always  be  reduced  simultaneously  to  sums  of  squares ;  and  we  have 
thus  obtained  a  new  proof  of  the  second  part  of  Art.  26. 

In  consequence  of  this  result  it  follows  that  the  expressions  for  the 
coordinates  in  terms  of  the  time,  deduced  from  Lagrange's  equations, 
are  simply  periodic  functions  of  the  time,  even  when  two  or  more  of 
the  periods  are  equal. 

A  simple  example  will  make  the  theorem  clearer.  If  we  have  two  co- 
ordinates x,  y  and  let  T=2xy  and  F=s2p2«y+y*,  we  find  the  equations  of 
motion 

d2x  .,         d2y  „ 

v—**  ■»—**—> 

of  which  a  special  solution  is 

x  =  A  sin  pt,    y  =  B  sin  pt  +  %(A  t/p)  cos  /  >t. 
On  the  other  hand,  if  T=x2+y'*  and  Y=p-(x-+y-),  we  have 
'/-'.'■  .,         <P>/ 

ar-**  ah- * 

and  then  x  =  A  sin  pt,  y  =  Bampt  are  speci.il  solutions. 

•  heorem  amounts  to  Baying  that  the  first  case  is  dynamically 
impossible  ;  and  that  when  two  equal  periods  exist,  the  equations  of  motion 
are  always  reducible  to  the  second  form. 

Lagrange  bad  Bupposed  that  expressions  of  the  type 

(At  +  B)m\(]>t  +  a) 

*  The  transformations  would  be  real  because  complex  values  can  only  arise  in 
the  reduction  if  the  determinants]  equation  has  complex  roots. 
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would  appear  in  case  two  of  the  periods  were  equal ;  Weierstrass  seems 
to  have  discovered  the  correct  result  for  the  first  time  in  1858  (see 
§§  4,  5  of  his  first  paper  quoted  in  Art.  38).  Of  course,  if  terms  of 
the  type  (At  +  B)  sin  (pt  +  a)  did  occur  in  the  coordinates,  the  primary 
assumption  that  all  the  coordinates  are  small,  would  cease  to  be  true 
after  a  certain  time;  and  a  fresh  method  of  investigation  would  be 
necessary,  although  one  might  anticipate  instability. 

Weierstrass's  theorem  has  been  rediscovered  by  several  authors,  of 
whom  the  chief  are  : — 

Somoff,  Mem.  de  V Acad,  de  St  Petersbourg,  7e  ser.  t.  1,  1859,  No.  14. 
Villarceau,  Comptes  Iteiidus,  t.  71,  1870,  p.  762. 
Jordan,  Comptes  Rendus,  t.  73,  1871,  p.  787;  t.  74,  1872,  p.  1395. 
Routh,  Adams  Prize  Essay,  1877,  "  The  Stability  of  Motion." 

From  a  dynamical  standpoint  the  method  of  proof  given  by 
Villarceau  (for  two  coordinates)  and  Jordan  (for  the  general  case)  is 
interesting;  it  is  reproduced  in  Whittaker's  Analytical  Dynamics, 
Art.  77.  This  may  be  regarded,  in  a  certain  sense,  as  the  dynamical 
Tersion  of  Kronecker's  proof  (given  in  Art.  26  above).  Of  course  all 
the  proofs  depend  ultimately  on  the  fact  that  \\T -  V\  has  only  linear 
invariant-factors,  although  this  is  not  always  mentioned  explicitly  in 
the  work. 

The  reader  may  be  tempted  to  suppose  that  Weierstrass's  theorem 
can  be  extended  to  the  case  of  oscillations  about  a  state  of  steady 
motion ;  this  is  not  the  case  in  general,  although  it  is  true  with  certain 
restrictions  on  the  type  of  motion*.  To  shew  that  the  theorem  is 
not  true  without  restriction  we  may  refer  to  the  case  of  the  sleeping 
top,  for  which  the  approximate  equations  of  motion  are  known  t  to  be 


x+pi)  —  qx  = 

0, 

y-px-qy^O, 

where  p,  q  are  positive  constants. 
If  2tt/c  is  a  period  these  give 

c2  +  q,      pc 

= 

pc,      c2  +  q 

or 

(c2+q)2-p2c2-- 

=  0 

*  Weierstrass,  Berliner  Monatsberichte,  1879,  p.  430;  the  investigation  is  repro- 
duced in  Whittaker's  Analytical  Dynamics,  Art.  81.  An  alternative  method  will 
be  found  in  the  Proc.  Loud.  Math.  Soc,  1900,  vol.  xxxn,  p.  79,  §  2. 

t  Whittaker,  I.e.,  p.  202;  Routh,  Rigid  Dynamics,  vol.  I,  Art.  268. 
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This  reduces  to  •<■-     q)*  it '  />-    &q,  but  the  determinanl  has  not  thenybw 

invariant-factors  of  the  types  (c+g*),  but  £100  of  the  types  (c±#*)a. 
In  fact,  it  is  not  difficult  to  verify  that,  when  q  \/>\  a  particular 
solution  of  the  equations  is 

x  -  A  t  cos  ( \pt)t     i)     A  t  sin  (&pt)t 

which  indicates  that  the  method  of  approximation  fails  here  after 
a  certain  time.  It  must  not,  however,  he  supposed  that  the  system  is 
then  unstable;  as  a  matter  of  fact  it  is  stable,  as  was  first  proved  by 
Klein*.  One  might  perhaps  be  tempted  to  infer  from  Klein's  result 
that  in  problems  of  steady  motion  linear  invariant-factors  are  not 
necessary  for  stability;  but  an  examination  of  the  corresponding 
problem  of  a  solid  ring  moving  forward  through  a  frictionlesa  liquid, 
with  circulation  through  the  ring,  shews  that  such  cases  may  be  either 
stable  or  unstable t.  Thus  the  only  safe  inference  to  be  drawn,  when 
the  invariant-factors  are  not  linear,  is  that  the  method  of  approxi- 
mation adopted  is  insufficient  to  settle  the  question  of  stability. 

Example.  As  an  illustration  of  Weierstrass's  theorem  consider  a  com- 
pound pendulum!,  formed  of  masses  1,  m,  suspended  by  Strings  of  length  1,  I. 
If  the  strings  make  small  angles  6,  dj  with  the  vertical,  we  find 

2  7T=  &  +  m  (6  + 1$)*,    2  F=  g  [&1  +  m  (8*  + 1$% 
where  T  contains  coordinates  in  place  of  velocities,  as  already  explained. 
The  determinants  equation  is 

X(l+m)— ^(1+m),         \lm         =0, 

\lilt,  \lrni-lmij 

or  \*Pm  -  \<j  ( 1  +  m)  lm  ( 1  + 1)  +  Im  ( 1  +  m)  <f  -  0. 

This  has  equal  routs  if 

Pwi*(l+*»)[(l+m)(l+J)'-4J>  0. 

It   would   therefore  be   possible    to  satisfy  the  condition    for   equal    roots 

l>v  taking 

or  m= -(1-07(1+0'-'; 

and  then  it  will  be  seen  that  the  determinant  has  not  linear  invariant  factors. 

'  Bulletin  dmer.  Math.  Soc.  Her.  2,  vol.  in,  1897,  pp.  12J),  292;  previous  workers, 
following  llouth  (Adams  Prize  Essay,  sec  also  Rigid  Dynamics,  vol.  i,  Art.  2G8),  had 
supposed  the  case  q  =  \p-  to  be  unstable. 

f  l'mr.  Lond.  Mot},.  80C„  Her.  1,  vol.  xxxill,  1901,  p.  826  (see  p.  840  for  the 
special  result  quoted). 

X  Htokes  (Math,  and  Phyt.  Papen,  vol.  it,  p.  884 ;  vol.  v,  p.  854)  has  considered 
this  case  from  a  different  point  of  view.  At  that  time  he  was  apparently  unac- 
quainted with  Wcicrstrass's  work. 
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But  this  does  not  invalidate  Weierstrass's  general  theorem  ;  for  we  have 
introduced  a  negative  mass  m.  This  algebraic  possibility  is  tacitly  excluded 
by  the  assumption  that  the  kinetic  energy  must  be  positive. 


-jp —  Point  of 
S us  pens  i on 


%—Mass  1 


.¥— .  Mans  vi 


If  we  restrict  ourselves  to  positive  masses,  the  condition  for  equal  roots 
(l+m)(l+f)*-4J«0J 

or  (i-iy  +  m(\  +  iy  =  o, 

gives  at  once  m  =  0,  I  =  1 . 

The  determinant  then  is  identically  zero  but  has  the  one  invariant-factor 
(X-<7). 


38,     References. 

For  the  sake  of  reference,  we  add  a  brief  list  of  papers,  which  are 
more  or  less  connected  with  the  theory  of  invariant-factors  and  their 
applications  to  the  classification  of  quadratic  forms. 

It  may  be  useful  to  point  out  that  some  of  the  papers,  notably  the 
second  one  by  Weierstrass,  refer  in  the  first  instance  to  families  of 
bilinear  forms  of  the  type 

^(hirs-br8)xrys, 

in  which  a-rs  is  not  usually  equal  to  asr  nor  brs  to  bsr. 

It  will  probably  be  thought  that  the  results  of  such  investigations 
will  include  the  theory  of  quadratic  forms  as  a  special  case;  and  to  a 
certain  extent  this  is  true.  In  investigations  such  as  Weierstrass's, 
it  is  of  fundamental  importance  to  establish  the  existence  of  a 
sequence  of  regular  minors  (Art.  25)  each  derived  from  the  preceding 
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by  striking  nut  a  row  and  column*.  Now,  as  was  pointed  out  in 
Art.  -J."),  it  Is  not  always  possible  to  find  symmetrical  regular  minors  ill 
the  determinant  of  a  family  of  quadratic  forms;  and  this  will  be  found 
to  import  a  difficulty  into  the  theory  which  is  not  encountered  in 
dealing  with  bilinear  forms. 

The  difficulty  is  partially  avoided  in  Darboux's  paper  by  using 
bordered  determinants  instead  of  minors;  part  of  this  paper  is  trans- 
lated in  Chapter  XI  of  Scott's  Theory  qf  Determinants;  and  more  of  it 
will  be  found  in  Chapter  xt  of  Jessop's  Line  Complex. 

The  only  existing  text-book  is  Muth's  ElementartheUer  (Leipzig, 
1899),  to  which  reference  has  already  been  made.  A  review  of  this 
book,  together  with  a  short  historical  account  will  be  found  in  the 
Bulletin  j  of  the  American  Mathematical  Society,  April,  1901. 

Fuller  references  are  given  in  W.  F.  Meyer's  report  on  Invariant- 
theory  in  the  Jahresbericht  der  Deutsche//  Moth.  Verein.  13d.  1, 
pp.  106 — 118,  and  in  the  Encyklopadie  der  Mathematiscken  Wissen- 
schaften,  Bd.  1,  pp.  327 — 334 ;  and  some  additions  and  corrections 
are  given  in  the  Archie  far  Math,  und  Physik,  (3)  Bd.  2,  p.   359. 

A  number  of  articles  dealing  with  various  points  in  the  theory  have 
been  published  by  the  author.  They  will  be  found  in  the  I* me.  Lund. 
Moth.  Soc,  1900—1902,  vols,  xxxi— xxxm  ;  Proc.  Caiuh.  Phil  Soc. 
1900  —1902,  vols,  x,  xr;  and  in  the  American  Journal  qf Mathematics \ 
1901,  vol.  xxin,  p.  235.  A  summary  of  results,  from  which  this  tract 
has  been  enlarged,  will  be  found  in  the  Quarterly  Journal  qf  Mathe- 
matics, vol.  xxxm,  1901,  p.  85. 

The  most  notable  papers  on  the  transformation  and  reduction  of 
forms  are  the  following:  — 

(J.  Dabboux,  "M&noire  Bur  la  theorie  algelnrique  i\vs  formes  quad- 
ratiques,"  Journal  <lr  Math.  (Liouville),  t.  19,  2me  Serie,  L874, 
]>.   317. 

I '.  Jordan,  "Me^noire  but  la  reduction  e1  la  transformation  des  Bystemes 
quadratiques $,"  Journal  de  Math.  (Liouville),  t.  19,  2me  Sene, 

1st  I.  ]».  :;:i7. 

'  The  proof  of  this  theorem  La  one  of  the  chief  diffionltiee  in  developing  the 
tin. -iv  of  redaction  by  Weierstra&s'a  or  Darboux'a  methods;  and  it  is  partly 
on  this  account  that  we  hare  preferred  to  exhibit  the  theory  aooording  to 
Kroneeker'i  methods.     Tlio  theorem  was  first  given  by  H.  J.  S.  Smith  (in  his  first 

paper  quoted  below)  in  reference  to  determinants  of  integer*]  and  it  was  extended 
hy  Probenim  to  determinants  whose  elemente  are  polynomiala  in  \. 

t  Second  Series,  vol.  vii,  pp.  308 — 316. 

X  Some  of  the  results  tfiven  in  this  paper  require  correction,  as  remarked  by 
KroiK'cker,  and  afterwards  admit  ted  hy  .Ionian. 
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L.  Kronecker,  "Ueber  Schaaren  quadratischer  Formen*,"  Berliner 
Monatsberichte,  1868,  p.  339,  and  Ges.    Werke,  Bd.   1,  p.   165. 

"Ueber  Schaaren  von  quadratischen  nnd  bilinearen  Formen t," 

Berliner  Monatsberichte,  1874,  pp.  59,  149,  206;  and  Ges.  Werke, 
Bd.   1,  pp.  351,  373,  382. 

"  Algebraische  Reduktion  der  Schaaren  quadratischer  Formen," 

Berliner  Sitzungsberichte,  1890,  p.  1375,  and  1891,  pp.  9,  33. 

L.  Stickelberger,  "  Ueber  Schaaren  von  bilinearen  und  quadratischen 
Formen,"  Journal  fur  Math.  (Crelle),  Bd.  86,  1879,  p.  20. 

J.  J.  Sylvester's  papers  are  quoted  above  in  Arts.  5,  9,  10,  11,  23,  26, 
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K.  Weieestrass,  "Ueber  ein  die  homogenen  Function  zweiten  Grades 
betreffendes  Theorem,  nebst  Anwendungen  auf  die  Theorie  der 
kleinen  Schwingungenj,"  Her  liner  Monatsberichte,  1858,  p.  207, 
and  Ges.    Werke,  Bd.   1,  p.  233. 

"Zur    Theorie    der    bilinearen    und    quadratischen    Formen§," 

Berliner  Monatsberichte,  1868,  p.  310,  and  Ges.  Werke,  Bd.  2, 
p.  19. 

On  the   theory  of  invariant-factors  and  regular  minors  may  be 
mentioned  : — 

H.  J.  S.  Smith,  "On  Systems  of  Linear  Indeterminate  Equations  and 
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London  Mathematical  Society,  1873,  vol.  iv,  p.  237  ;  and  Coll. 
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*  Contains  the  substance  of  Art.  26. 

t  Contains  the  methods  of  Arts.  13,  17,  20. 

%  Contains  the  theorems  of  Art.  26  proved  in  a  different  manner. 

§  Contains  the  first  systematic  reduction  of  a  family  of  forms. 
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APPENDIX. 

The  geometrical  interpretation  of  the  transformations  in 
Art.  7. 

In  the  first  place,  we  note  that  if  a  quadratic  form  A  contains 
three  variables,  ,ru  sc.2i  x%%  and  if  one  of  these  (say  ,r,)  appears  only 
as  a  square  a-^,  then  the  side  .^  is  the  polar  of  the  opposite  vertex  X! 
of  the  triangle  of  reference,  with  respect  to  the  conic  A     0. 

On  the  other  hand,  if  A  contains  ./•,  and  ,r.2  only  in  the  product 
./i./.j,  the  sides  #,,  a\2  will  touch  the  conic  A=Q  at  two  vertices  of  the 
triangle  of  reference. 

Corresponding  results  are  true  for  a  form  in  four  variables  if  we 
read  plane,  quadric,  tetrahedron  for  side,  e<>iii<\  triangle,  respectively. 

Bearing  these  facts  in  mind,  it  is  easy  to  interpret  geometrically 
the  four  transformations  of  Art.  7;  it  will  be  sufficient  to  give  the 
details  for  three  variables,  leaving  the  reader  to  make  the  changes 
necessary  when  the  work  is  applied  to  four  variables. 

If  it  is  convenient  to  retain  the  vertex  X,  qf  the  fundamental 
triangle  unaltered,  while  the  conic  A  is  t<>  be  simplified,  we  naturally 
find  first  the  polar  of  X,  and  use  this  line  as  a.  side  of  the  new  triangle 
of  reference;  there  arc  then  two  alternatives,  according  as  X,  is  not 
or  is  a  point  OH  the  conic  : — 

(i)  //'  X,  is  nut  mi  the  conic,  the  polar  will  I"'  taken  as//,,  the 
Bide  opposite  to  X,  in  the  new  triangle;  and  in  the  actual  trans- 
formation of  Art.  t,  Yj,  Y:;  are  taken  on  tic  sides  ./•,,  ./■.,  of  t lie  original 
triangle. 

(ii)     Hut  if  X,  is  on  the  conic,  the  polar  passes  through  X,,  and 

may  be  taken  asy..,  while  v/,  is  any  other  tangenl  t"  'he  conic.     In  the 
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text,  it  is  supposed  that  X2  is  not  on  the  polar  y, ;  the  line  XjX2  then 
cuts  the  conic  again  in  Y2,  and  yx  is  the  tangent  there. 


On  the  other  hand,  it  may  be  better  to  keep  the  side  xx  of  the 
fundamental  triangle  unaltered ;  then  we  begin  by  taking  the  pole  of 
a?,  as  a  new  vertex  of  the  triangle  of  reference.  The  distinction  now 
turns  on  whether  xx  is  not  or  is  a  tangent  to  the  conic  : — 

(iii)  If  j\  does  not  touch  the  conic,  the  pole  can  be  taken  as  Ylf 
the  vertex  opposite  to  ,rl ;  and  in  the  text  of  Art.  7,  the  vertices  X2,  X3 
are  left  unchanged. 


(iv)  But  if  ar,  touches  the  conic,  the  pole  is  on  a?,  and  may  be 
taken  as  Y>,  while  Yx  is  any  other  point  on  the  conic.  In  the  text, 
it  is  supposed  that  $•<>  does  not  pass  through  Y2 ;  then  Yj  is  the  point 
of  contact  of  the  other  tangent  (y2)  which  passes  through  the  intersection 

( (T  ,/'i ,   X<z> 

From  these  explanations  it  is  clear  that  (iii),  (iv)  are  transformations 
reciprocal  to  (i),  (ii)  respectively ;  and  further  that  (i)  and  (ii)  are 
alternatives,  one  or  other  being  always  a  possible  method ;  similarly 
(iii)  and  (iv)  are  alternatives. 

From  the  algebraical  point  of  view,  the  transformations  (i)  and  (ii) 
usually  involve  less  labour  than  (iii)  and  (iv) ;  and,  as  a  matter  of 
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fad  (iv)  is  hardly  ever  needed  in  practical  work  (compare  Art.  17,  p,  42). 
However,  the  use  of  (iv)  enables  us  to  abbreviate  considerably  the 
description  of  the  general  process1  given  in  Art.  20,  p.  52  ;  and  for 

tin's  reason,  as  well  as  for  completeness,  it  is  advantageous  to  explain 
tli is  method  as  well  as  the  other  three. 

1  As  explained  in  the  small  type  on  that  page,  the  general  process  will  often  be 
found  to  imply  unnecessary  labour  in  numerical  work  ;  and  this  extra  trouble  is 
due  to  the  application  of  method  (iv). 
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